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PREFACE. 



Algebra has not always proved to be an interesting 
subject to the younger classes in our secondary or lower 
schools ; indeed, in very many instances it has been greatly 
disliked by the students in such institution^. Two causes, 
chiefly, have conspired to produce this unfortunate con- 
dition of affairs, — one the unattractive and uninteresting 
method of presenting the subject ; the other, the difficulty 
of the examples and the complexity of the problems pre- 
sented to the pupils for solution. 

It is believed that this text-book presents the elementary 
facts of the science in such a manner that a deep interest 
will be awakened in algebraic processes, and that the 
examples which the student is required to solve are quite 
within the scope of his ability to master. 

The author has in several instances departed from the 
order of classification commonly followed in text-books on 
algebra, because he has preferred to arouse an interest in 
the subject rather than to follow an order which is scientific, 
but which does not introduce the student to the attractive 
features of the study until he has mastered all the pro- 
cesses employed with most forms of algebraic quantities. 

And yet in no instance have erroneous mathematical ideas 
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4 PREFACE. 

been taught, nor has correct reasoning ever been sacrificed 
for the purpose of exciting such interest. 

The ideas of number which the pupil has gained in 
arithmetic have been associated with those involved in 
algebra in such a way that no difficulty may be experienced 
in passing from reasoning upon definite numbers to reason- 
ing upon general numbers. 

The treatment of equations is introduced at the begin- 
ning, and it is presented throughout the book, wherever it 
is possible to do so advantageously, because, since ele- 
mentary algebra treats of almost nothing except the 
equation and general numbers, the student should be led 
to a comprehension of the simpler forms of the equation 
as soon as possible. 

The method of presentation exemplified in the other 
books of the series has been followed here, because it is 
recognized as pedagogically correct and because it has met 
with general approbation. 

The work is designed to present the merest elements of 
the science, and yet it is believed that the method of pres- 
entation, the illustration and application of mathematical 
principles, and the knowledge gained from the solution of 
problems, will familiarize the student with the funda- 
mental principles of the science to such a degree that easy 
and rapid progress in the more abstract phases of the 
subject will be secured whenever he pursues the subject 
farther. 

WILLIAM J. MILNE. 

State Normal Collbqb, 
Albany, N.Y. 
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ALGEBEAIC PROCESSES. 

1. Problem. A farmer had 444 sheep in two fields, 
one of which contained three times as many sheep as the 
other. How many sheep had he in each field ? 

ARITHMETICAL SOLUTION. 

A certain number = the number in one field. 
Then 3 times that number = the number in the other field. 

And 4 times that number = the number in both fields. 

Therefore 4 times that number = 444. 

The number =111, the number in one field. 
3 times 111 = 333, the number in the other field. 

The solution given above may be abbreviated by using 
the letter n for the expressions a certain number and that 
number. In algebra, however, it is customary to represent a 
number whose value is to be found by x or by some other 
one of the last letters of the alphabet. 

ALGEBRAIC SOLUTION. 

Let X = the number in one field. 

Then Sx = the number in the other field. 

And 4x = the number in both fields. 

Therefore ix = 444. 

X = 111, the number in one field. 
3x = 333, the number in the other field. 

7 



8 ELEMENTS OF ALGEBRA. 

2. The student will observe that algebra is very mucli 
like arithmetic, but that it differs from arithmetic in often 
using letters to represent numbers. 

Letters used to represent numbers are usually called 
quantities, though it is also proper to call them numbers. 

Thus, X in the preceding algebraic solution is called a quantity. 

3. Letters used to represent numbers or quantities whose 
values are to be found are called Unknown Numbers or Quan- 
tities. 

The last letters of the alphabet, as x, y, z, etc., are com- 
monly employed to represent unknown numbers or quantities. 

Thus, X in the solution already given is called an unknown quan- 
tity. 

4. An expression of equality between two numbers or 
quantities is called an Equation. 

Thus, 6 + 8 = 13, and 3 x = 16 are called equations. 

5. The sign = is used to indicate equality. 

6. The sign .'.is used, in writing solutions of problems, 
instead of the word therefore or henjce. It is called the 
sign of Deduction. 

PROBIiEMS. 

7. 1. John and James together had 40 marbles, but John 
had three times as many as James. How many had each ? 

2. Two boys together dug 60 bushels of potatoes. If one 
dug twice as many bushels as the other, how many did each 
dig ? - 

3. If A and B together have $ 3000, and A has twice as 
much as B, how much has each of them ? 
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4. A number added to five times itself equals 30 What 
is the number ? 

5. If a man is three times as old as his son, and the 
sum of their ages is 40 years, how old is the father ? How 
old is the son ? 

6. Divide the number 75 into two parts such that one 
part may be four times the other. 

7. A man bought a horse and carriage for $600, and 
the carriage cost him twice as much as the horse. What 
did each cost him ? 

8. A certain orchard has 700 trees in it. There are 
twice as many cherry trees as pear trees, and twice as many 
apple trees as cherry trees. How many are there of each 
kind? 

9. A, B, and C were talking of their ages. A said, " I 
am twice as old as B " ; B said, " I am twice as old as C." 
The sum of their ages was 140 years. How old was each ? 

Suggestion. Discover from the problem the number which, if 
known, will enable you to find all the required numbers, and let x 
stand for that number. In this problem x will stand for C*s age. 

10. The greater of two numbers is six times the less, and 
their sum is 49. What are the numbers ? 

11. After taking five times a number from fifteen times 
the same number, and adding to the remainder six times 
the number, the result was 8 more than 72. What was the 
Qumber ? 

12. Mary has five times as many books as Hannah, 
Hannah has two times as many as Jane, and together they 
have 39 books. How many has each ? 
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13. I paid five times as much for pens as for ink, and 
three times as much for paper as for both of these. How 
much did I pay for each, if they all cost me 96 cents ? 

14. A man paid twice as much for a pair of trousers and 
seven times as much for an overcoat as for a hat. How 
much did each cost him, if they all cost $ 60 ? 

15. A man divided $50 among four boys. To the second 
he gave twice, to the third three times, and to the fourth 
four times, as much as to the first. How much did he give 
to each? 

16. A farmer has four flocks of sheep. The second is twice 
as large as the first, the third three times as large, and the 
fourth as large as the first and third together. If he has 
200 sheep in all, how many are there in each flock ? 

17. If one number is six times another number, and a 
third number is 10 times that number, and the sum of the 
three is 119, what are the numbers ? 

18. A man failed in business, owing A ten times as much 
as B, C four times as much as B, and D eight times as much 
as the difference between what he owed A and C. The 
entire amount he owed these men was $ 6300. How much 
did he owe each ? 

19. If a gold watch is worth ten times as much as a silver 
watch, and both together are worth $132, how much is 
each watch worth ? 

20. The whole number of votes cast for A and B at a 
certain election was 450, but four times as many votes were 
cast for A as for B. How many were cast for each ? 

21. A man paid $175 for a horse, a cow, and a wagon. 
He paid twice as much for the horse as for the wagon, and 
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twice as much for the wagon as for the cow. How much 
did he pay for each ? 

22. A, B, and C form a partnership with a capital of 
$ 14,000. B and C each furnish three times as much as A. 
How much capital does each furnish ? 

23. A and B performed a certain piece of work for which 
B received three times as much as A, and A received $ 12 
less than B. How much did each receive ? 

Solution. Let x = the amount A received. 
Then Zx = the amount B received. 

2x = the amount B received more than A. 

2x = $12. 
x = $6, the amount A received. 

3 X = ^ 18, the amount B received. 

24. A farmer raised five times as many acres of wheat 
as of oats, and five times as many acres of oats as of 
potatoes. If 186 acres were cultivated, how many acres were 
there of each ? 

25. A man's capital doubled for three successive years. 
If he then had $ 9600, how much had he at first ? 

Suggestion^ Let x = his original capital. 

Then 2 a = his capital at end of first year. 

26. Sarah had seven times as many chickens as ducks, and 
twice as many ducks as hens. If there were in all 119 fowls, 
how many were there of each kind ? 

27. A certain number can be separated into two factors, 
one of which is three times the other, and whose sum is 36. 
What are the two factors ? 

28. One cask holds four times as much as another, and 
the larger contains 27 gallons more than the smaller. How 
many gallons are there in each cask ? 
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29. The population of one town is eight times the popu- 
lation of another, and the larger one contains 4900 more 
inhabitants than the smaller. What is the population of 
each town ? 

30. The difference between a certain number and that 
number multiplied by 18, is 119. What is the number ? 

31. A, B, and C work the same number of days. A 
receives 75 cents per day, B receives 90 cents, and C 
receives 95 cents. All together receive $ 13. How many 
days does each work ? 

32. A father's age is five times the age of his son, and the 
difference between their ages is 44 years. What is the age 
of each? 

33. What number added to ^ of itself equals 12 ? 



Solution. 


Let 


X 


= the number. 


Then 




x + Jaj: 


= 12 


Or 




fX: 


= 12 






.*. JX 


= 4 


And 




X 


= 8 


Hence the number is 


8. 





34. If a certain number is added to \ of itself, the sum 
is 20. What is the number ? 

35. If to six times a certain number \ of itseK is added, 
the sum is 19. What is the number ? 

36. A farmer had ^ as many horses as cows, and 
altogether he had 10 cows and horses. How many of each 
had he ? 

37. One of my pear trees bore ^ as many bushels of 
pears as the other, and both together bore 18 bushels. How 
many did each tree bear ? 
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38. There is a certain number, \ of which exceeds ^ of it 
by 2. What is the number ? 

39. One half of a certain number exceeds ^ of it by 3. 
What is the number ? 

40. Divide 45 into two parts such that one may be f of 
the other. 

41. One half and one third of a certain number added 
together make 10. What is the number ? 

42. Three fourths of a number added to two fifths of 
it makes 23. What is the number ? 

43. If Charles had five times as many marbles as he now 
has, he would have as many as John and William together, 
the former of whom has 30, and the lattelr 15. How many 
marbles has Charles ? 

44. If a fourth of a number is subtracted from -J- the 
number, the result is 3. What is the number ? 

45. A man had 260 sheep in three fields. In the second 
he had twice as many as in the first, and in the third \ 
of the number in the first. How many had he in each field ? 

46. The less of two numbers is ^ of the greater, and 
their sum is 14 less than 50. What are the numbers ? 

47. Divide 120 into three such parts that the first part 
is ^ of the second, and ^ of the third. 

Suggestion. Let x = the first part. 

Then 2x= the second part. 

I 48. A, B, and C together have $900. A has twice as 
much as B, and C has twice as much as A and B together. 
How much has each ? 

49. What number is that to which if you add its hall 
and take away its third, the remainder will be 147 ? 
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60. James has ^ as many marbles as Henry, and Henry- 
has 16 more than James. How many marbles has each ? 

61. Julia has ^ as much money as May; Hattie has -J- 
as much as Julia ; all together have 18 cents. How many 
cents has each ? 

52. A certain number plus ^ of itself, plus \ of itself 
equals 46. What is the number ? 

53. In Mr. Green's library there were 1900 volumes. The 
number of books of fiction was |- the number on science ; 
the number on science was twice the number on history. 
How many volumes were there of each ? 

64. What number increased by -^ of itself equals 133 ? 

55. B has f as much money as A ; C has ^ as much as B ; 
altogether they have $ 27. How much has each ? 

56. Two fifths of a number plus ^ of the number equals 
36. What is the number ? 

57. George sold a certain number of oranges at 2 cents 
apiece ; Walter sold ^ as many at 4 cents apiece. If both 
together received 90 cents^ how many oranges did each sell ? 

Solution. Let x = the number George sold. 
Then ix = the number Walter sold. 

2 a; = the number of cents George received. 
J X = the number of cents Walter received. 
I X + 2 X = the number of cents both received. 
• *. -V X ^ yu. 
TjX = 9. 

X = 27, the number of oranges George sold. 
J X = 9, the number of oranges Walter sold. 
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58. Robert bought a certain number of apples, and his 
mother gave him ^ as many as he bought. He then had 18. 
How many apples did he buy ? 

59. A man gave $ 50 to three poor families. To the first 
he gave \ as much as to the second, to the third seven times 
as much as to the first. How much did he give to each ? 

60. Three newsboys sold 100 papers. The first and the 
second sold the same number, while the third sold ^ as 
many as the other two. How many did each sell ? 

61. A and B start in business with the same amount 
of money. A gains ^ as much as he had, while B loses \ of 
his capital ; they then have together $ 1150. What was the 
original capital of each ? 

62. What number increased by ^ of | of itself equals 62 ? 

63. Th'^, length of a field is 1^ times its breadth, and the 
entire distance around the field is 60 rods. What are the 
length and the breadth of the field ? 

Solution. Let x = the number of rods in the breadth. 
Then IJ « = the number of rods in the length. 

And 2} X = half the distance around the field. 

.•. 6 a; = 60 rods, the distance around the field, 
a = 12 rods, the breadth of the field. 
IJ a = 18 rods, the length of the field. 

64. What is the number whose double and half added 
together give 35 ? 

65. The sum of three numbers is 34. The first multiplied 
by 4 produces the second, and ^ of the first taken from the 
second gives the third. What are the numbers ? 

66. Find two factors of 100, one of which is four times 
the other, and whose sum is J of 100. 
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67. A father gave to his first son three times as much as 
bo the second, to the third ^ as much as to the first and 
lecond ; in all he gave f 600. How much did he give to 
^ach? 

68. Four men are taxed in the aggregate $ 500 as follows : 
for every dollar that the first pays the second pays 1 dollar, 
the third pays ^ of a dollar, and the fourth pays 1^ dollars. 
How much is each man's tax ? 

69. Emma sold 10 quarts of berries at a certain price per 
quart. Anna sold 14 quarts at twice that price per quart. 
Together they received $ 1.90. What price per quart did 
each receive ? 

70. Two boys walked toward each other from two towns 
18 miles apart. If one boy walked |^ as far as the other, 
how many miles did each walk ? 

71. What number is that whose fourth part exceeds its 
fifth part by 3 ? 

72. A man paid a certain sum for a house and lot, and 
sold them at a gain equal to ^ the cost. If the selling price 
was $ 3000, what was the cost ? 

Solution. Let x = the cost of the house and lot. 
Then J a = the gain. 

And lix=z the selling price. 

.-. }x = 3000. 
ia; = 1000. 
X = 2000, the cost of the house and lot. 

73. A man paid a debt of $7500 in 4 months, paying 
each month twice as much as the month before. How 
much did he pay the first month ? 
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74. A man traveled 324 miles; he went three times as 
far by steamboat as by stage, and eight times as far by 
railroad as by steamboat. How many miles did he travel 
by each conveyance ? 

75. Harry solved 8 problems more than Edward, and 
Edward solved ^ as many as Harry. How many did each 
solve ? 

76. A man paid $150 for a wagon, which was 50 per 
cent or one half more than the original cost. What was 
the original cost of the wagon ? 

77. A. man bought a lot for a certain sum ; he built upon 
it a house costing twice as much as the lot ; he furnished 
the house at an expense equal to ^ the price of the lot. 
The man, who had only $ 6000 in cash, found that he could 
pay for all his expenditures except furnishing the house. 
What was the amount of each item ? 

78. In an orchard there are 210 trees, arranged in rows. 
There are 5 rows with a certain number of trees in a row, 
and 8 rows with twice that number of trees in a row. How 
many trees are there in the different rows ? 

79. A man earned daily for 4 days three times as much 
as he paid for his board. After paying his board for 4 
days, he had f 8 left. How much did he receive per day, 
and how much did he pay for his board ? 

80. A man on being asked how old he was said that ^ 
of his age added to twice his age made 84 years. How old 
was he? 

81. A man borrowed as much money as he had, and then 
spent ^ of the whole sum. If he had $ 4 left, how much 
had he at first ? 

MILNB*S BL. OF ALO. — 2. 
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82. A man had twice as many 5-cent pieces as dimes, 
and his money amounted to 200 cents. How many pieces 
had he of each kind ? 

Solution. Let x — the number of dimes. 
Then 2 x = the number of 6-cent pieces. 

And 10 x = the number of cents in the dime pieces. 

10 a; = the number of cents in 5-cent pieces. 
.-. 20 a = 200. 

X = 10, the number of dimes. 
2 X = 20, the number of 5-cent pieces. 

83. A sum of money amounting to $5 is composed of 
half and quarter dollars. The number of half dollars is 
double the number of quarter dollars. How many pieces 
are there of each kind ? 

84. A man worked 10 days for a certain sum per day ; 
his wife also worked at the same rate, and his son at \ the 
rate of his father. They received in all $27.50. What 
were the daily wages of each ? 

86. In a certain field the length is twice the breadth, 
and the distance around the field is 90 rods. What are tue 
length and the breadth of the field ? 

86. A tree 45 feet high was broken off so that the part 
left standing was twice the part broken off. What was the 
length of each part ? 

87. Divide $800 among three men so that the first and 
third shall together have three times as much as the second, 
and the first shall have double what the third has. 

88. The income from a very successful business quadru- 
pled every year for three years. If the entire income for 
the three years was $ 42000, what was the income for each 
year? 
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ALGEBRAIC EXPRESSIONS. 

8. Quantities connected by algebraic signs are called 
Algebraic Expressions. 

Thus, a + b and 2 a — Sbc are algebraic expressions. 

9. The signs employed in arithmetic are generally used 
for the same purposes in algebra. 

What do the following expressions indicate ? 
1. 2 + 5; 17-6; 16^4; 15x3. 

3. a + 6 + c;a — 6+c;a — 6 — c;ax6xc. 

4. a — 6 — c + d;a + 6 — d — e; a xb xcxd. 

Multiplication is also indicated by writing letters, or a letter and a 
figure, side by side without any sign between them, or with a dot be- 
tween them. Thus, a x b x c may be written abc or a • 6 • c. 

What do the following expressions indicate ? 
6. 4a6; 5abi 3a-\-2b; 4:X-\-Sy. 

6. 4:QcyZy 6abc\ 6 ax -{-3 ay] 5cd — Sd. 

7. 3 a;y — 4 2/2J + 2 « ; 4 xyz — 2 axy — Sby. 

10. The quantities which when multiplied together form 
a product are called the Factors of the product. 

11. The product arising from using a quantity a certain 
number of times as a factor is called a Power of that 
quantity. 

Thus, 4 is a power of 2 ; 64 is a power of 4 and also of 8. 

Powers are indicated by a small figure or letter, called an 

Exponent, written a little above and at the right of the 

quantity, showing the number of times the quantity is to be 

used as a factor. 

Thus, a^ shows that a is to be used as a factor five times, or that it 
is equal to axaxaxax a. 
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Powers are named from the mimber of times a quantity 
is used as a factor. 

Thus, d^ is read the seventh power of a or a seventh. 

The second power is also called the square, and the third 
power the cube of a quantity. 

12. Eead the following expressions and state what they 
indicate. 

1. a^\ af^\ aP\ ^y^\ sc^y^] ^y^] «*2^. 

2. a2 + 62j a^ft^ a« + 6'; a« - 6«. 

3. a^b-{-ab^; aPx-by-, a^x^ -{- bx^ ; a^a^y - b^aPy^. 

4. a^ + 6^ — c^ ; aV + b^ + ch^ ; aa;y^ + 6?/V — y'. 

13. A figure or letter placed before a quantity to show 
how many times it is taken additively is called a Coefficient. 

Thus, in the expression 5 x, 5 indicates that x is to be taken five 
times, or that it is equal tox-{-x-{-x-\-x-\-x. 

In the expression 4 6c, 4 may be regarded as the coefficient of 6c, or 
4 6 may be regarded as the coefficient of c. 

When no coefficient is written, it is manifestly 1. 

14. What do the following expressions indicate ? 

1. Ba^x^z^, 

Interpretation. The expression indicates five times the product 
of a used twice as a factor, multiplied by x used three times as a factor, 
multiplied by z used five times as a factor. 

It is usually read^re a square, x cube, z fifth, 

3. 4:Qi^f. 6. Sx-4:y\ 9. 2aV -3xy -{-2z\ 

4. 5axy^. 7. 4a;y — 3^. 10. 5a^y-{-3a^y^+5cz\ 

15. When several quantities are inclosed in parentheses, 
(), they are to be subjected to the same process. 
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Thus, 2 X (x 4- y) indicates two times the sum of x and y ; 
3 (a 4- b — c) indicates three times the remainder when c has been 
subtracted from the sum of a and b. 

16. 1. Interpret and read the expression a x(b + c) or 
a(b + c). 

Interpretation. The expression means that the sum of b and c 
is to be multiplied by a. It is usually read a times the quantity b 
plusc. 

Interpret and read the following : 

2. x{y'{-z), 7. a + 4(i(aaj — cy). 

3. 5(a--c). 8. 3a; + 4(2y — 32). 

4. Sdic-y), 9. 2(Sx''5y) + {6x-Sy). 

5. 4a:(c + 2d). 10. 3a(a; + c) — 5y(2; + d). 

6. 3ac(2x — 3y^). 11. 5aa:(a--6)--3cy(c + d). 

Write the following in algebraic expressions : 

1. The sum of five times a and three times the square of x. 
Solution. 5 a + 3 x^. 

2. Three times b, diminished by 5 times a raised to the 
fourth power. 

3. The product of a, b, and a — c, 

4. Seven times the product of x times y, increased by 
three times the cube of z, 

5. Three times x, diminished by five times the sum of a, 
by and o. 

6. Six times the square of m, increased by the product of 
m and w. 

7. The product of a used five times as a factor, multiplied 
by the sum of b and c. 

8. Twelve times the square of a, diminished by five times 
the cube of b. 
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9. Eight times the product of a and b, diminished by four 
times the fourth power of c, or c used four times as a factor, 

10. Six times the product of the second power of a mul- 
tiplied by n, increased by five times the product of a times 
the second power of n. 

11. Four times the product of x by the second power of 
y, multiplied by the cube of z, diminished by a times the 
fourth power of c. 

12. The fourth power of a plus the cuba of b, plus three 
times the product of the square of a by the square of 6, 
diminished by the cube of d. 

17. When a = 1, 6 = 2, c = 3, d = 4, 6 = 5, find the nu- 
merical value of each of the following expressions by using 
the number for the letter which represents it. 

Thus, 2a + 36-c2 + d = 24-6-9 + 4 = 3. 

1. 3 abed, 13. 126c + 6 (c — a). 

2. BabcdK 14. ScH — 5abc. 

3. 2a%V. 15. 9a-46 + 2cd 

4. Sabcde. 16. Sabd — 46 + cc?. 

5. 3a + 56. 17. a^bV-d'-{-e\ 

6. 4a + 36. 18. (a + 6) + 6(d — c). 

7. 2e— 3c + d. 19. 6(d-a + c)--6d. 

8. 4 ab^cd!^. 20. a6c + ade — d(e — c), 

9. 10 a^b- 3 ab\ 21. bVd^ - ab -\- cd. 

10. 3c^-- 26^+6. 22. 6(d + a) + 6(6+c). 

11. 5cd — 5bc — 5ab, 23. c^+ 4a6c + d(6 — d). 

12. 8a%2 + c2-d6. 24. (a+6)+3(c+d)+2(e-d). 
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TERMS IN ALGEBRAIC EXPRESSIONS. 

18. An algebraic expression whose parts are not sepa- 
rated by the signs + or — is called a Term. 

Thus, 6 a, 3 by, 4 x^^z'^, a^b^dh are terms. 

In the expression Zx-\-2ay-\-Bcd — z there are /owr terms ; in the 
expression xi/^ — x^y^ there are but two terms. 

19. A term which has the sign + before it is called a 
Positive Term. When the first term of an expression is 
positive, the sign + is usually omitted before it. 

Thus in the expression 2a — 364-4c— 5d + 3€ the first, third, 
and fifth terms are positive. 

20. A term which has the sign — before it is called a 
Negative Term. 

Thus in the expression 2a — 36 + 4c — 6(Z— 3 c, the second, fourth, 
and fifth terms are negative. 

21. Terms which contain the same letters with the same 
exponents are called Similar Terms. 

The coefficients or signs need not be alike, however. 

Thus, 5x8 and —7x^ are similar terms ; also 3(a;+a)^ and 5(05 + a)^ 
Expressions like bx^ and cx^ may be considered similar terms by 
regarding b and c as coeificients. 

22. Terms which contain different letters, or the same 
letters with different exponents, are called Dissimilar Terms. 

Thus, Sxy and Spq are dissimilar terms ; also 5 x^y and 5 xy^. 

23. An algebraic expression consisting of but one term 
is called a Monomial. 

Thus, a6, SaxyZj bx-y'^z are monomials. 

24. An algebraic expression consisting of more than one 
term is called a Polynomial. 

Thus, a-\-b -^^ c and 3x + 4 ^ are polynomials. 



24 ELEMENTS OF ALGEBRA. 

25. A polynomial of two terms is called a Binomial. 
Thus, 3 a; 4- 2 y, a — 6, and 4tah — Bed are binomials. 

26. A polynomial of three terms is called a Trinomial. 

Thus, a-^b + c and 2x — 2y -\- 6z are trinomials. 

27. Select from the following : 

1st, the positive terms. 5th, the monomials. 

2d, the negative terms. 6th, the binomials. 

3d, the similar terms. 7th, the trinomials. 

4th, the dissimilar terms. 8th, the polynomials. 

1. 2aXj3a:^y,2a-\-3by6ix^yj5ax^,3x + 2b. 

2. 3x^ + 2y% 5a — 36 + c, — 4aa;, ea — c + dj a^ + b^ 

3. a + 6 + 2 c + 3 d, ax^bx — 3c-{-2d, ax + bx. 

4. aV + 2aXy 3 a + 6, 2 a — c + ci, 3 aV — 4 oa?. 

Write the following : 

5. Eour positive terms; three negative terms. 

6. An expression containing three positive and two 
negative terms. 

7. Three similar terms ; four dissimilar terms. 

8. An expression containing four positive similar terms, 
and one containing four positive dissimilar terms. 

9. An expression containing five similar terms, three ol 
which are positive and two negative. 

10. An expression containing five dissimilar terms, foui 
of which are negative and one positive. 

11. Six positive monomials; three positive similar mono- 
mials; four negative monomials; three negative similar 
monomials. 

12. Four polynomials ; four binomials ; four trinomials. 
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POSITIVB AND NEGATIVE QUANTITIES. 

28. In arithmetic the signs + and — are used to indicate 
operations to be performed, but in algebra they are used 
also as Signs of Opposition. 

Thus if gains are considered positive quantities, losses will be negch 
live ; if distances north from a given point are considered positive, 
distances south will be considered negative^ etc. 

1. Place appropriately before each of the following quan- 
tities the sign + or the sign — : 

Mr. A gains f 40 and loses f 20. Mr. S earns $25 and 
spends $15. A ship sails 40 miles north from a given par- 
allel, and then 20 miles south. A thermometer indicates on 
Monday 15° above zero, and on Wednesday 10° below zero. 

2. A man deposits in a bank $ 50, and then draws out 
$20. Indicate the transaction by using the signs + and — . 

3. Mr. H buys 25 horses and sells 10 of them ; he then 
buys 15 more and sells 8 of them. Indicate the transac- 
tions by proper signs. 

4. A vessel sailed 40 miles east, and was then driven by 
adverse winds 30 miles west. Indicate the directions by 
proper signs. 

6. How much worse off is a man who is $50 in debt 
than if he had nothing? Indicate his condition by the 
sign + or — . 

A negative quantity \a sometimes regarded as less than zero. 

6. Two vessels left the same port, one sailing west 10 
miles per hour and the other sailing east 8 miles per hour. 
How far were they apart at the end of two hours ? Indi- 
cate the distance sailed by each vessel and the direction. 
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29. 1. How many days are 5 days, 4 days, and 3 days ? 

2. How many d^s are 5 d, 4 d, 3 d, and 6d? 

3. How many c's are 6 c, 3 c, 5 c, and 2c? 

4. How many ab's are 3 ab, 2 a6, 4 ab, and 5 a5 ? 

6. When no sign is prefixed to a quantity, what sign is 
it assumed to have ? 

6. When positive quantities are added, what is the sign 
of the sum ? 

7. If Henry owes one boy 3 cents, another 5 cents, and 
another 6 cents, how much does he owe ? 

8. If the sign — is placed before each sum that he owes, 
what sign should be placed before the entire sum ? 

9. What sign will the sum of negative quantities have? 

10. If a vessel sails + 5 mi., + 8 mi., + 9 mi., and is 
driven back — 4 mi., — 2 mi., — 6 mi., how far is she from 
the sailing port ? 

11. A boy's financial condition is represented as follows: 
Henry owes him 15 cents ; David owes him 10 cents ; James 
owes him 8 cents. He owes William 9 cents, and Fred 10 
cents. What is his financial condition? How much is 
15 cents, 10 cents, 8 cents, — 9 cents, — 10 cents ? 

26 
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30. Principle. Only similar quantities can be united 
by addition into one term. 

Dissimilar quantities cannot be added, but in algebra an 
indicated operation is often regarded as an operation per- 
formed. It is important to remember that fact. 

Thus, a and b cannot be added, and yet a-\-b la called their sum, 
though the operation is only indicated. 

31. To add similar monomials. 



1. 


2. 


3. 


4. 


5. 


6. 


Sx 


9ab 


— 3mn 


— a^2/ 


QJX 


- be 


7x 


4a6 


— 2 mn 


— dx^y 


Gax 


- 76c 


X 


Sab 


— 9mn 


-Sa?y 


hax 


- 26c 


5x 


Gab 


— mn 


—•^Q^y 


4: ax 


-126c 


2x 


2ab 


— 5mn 


-l7?y 


Sax 


- 6bc 



7. Express in the simplest form 5a + 3a — 2a — 7a4- 
12a + 3a. 

Solution. The sum of the positive quantities is 23 a, and the sum 
of the negative quantities — 9 a. 23 a — 9 a = 14 a. Hence the sum 
of the quantities, or the simplest form of the expression, is 14 a. 

Express in the simplest form : 

8. 8a — 2a+a — 3a — a + 7a. 

9. 4:ix^f + Sx^y^-a^y^-^5x^y^-10x^y\ 

10. 7 moj + 4 mx — 5 mx — 2 mx — 6 mx + mx, 

11. 5y-Sy + Sy-10y + 6y-y. 

12. 8m + 3m — 5m — 2m + 6m — 4m. 

13. 7 6c + 3 6c — 4 6c — 5 6c + 8 6c — 6c. 

14. 9Qey'^2xy — 5 xy-{- 10 icy — 7ocy-'4:xy + 5 xy. 
16. 6afe-4ar^ + 3ar^24-8ar^2-5a^2 + 3ar^2-10a:*2. 
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16. 15 mn -f 6 mn — 10 mn — 4 mn — 3 mn + 4 mn, 

17. 4 a% - 3 a^ft + 7 a^ft - 14 a-6 - 3 a^ft + 20a%. 

18. 25aaj — 17 aa; — 13 ax + 19 aa? + 6 aa? — 20 aa?. 

19. 3(a6)2 + ^{aby - (a6)2 + 7(a6)2 - 9(a6)« 

20. 8 (a-6) +4(a-6) -6(a-6) -2(a-6) +3(a-&). 

21. Iyh--4.yh-iryh-^fz-ir2yh. 

22. 5(a:+2/) -2(aj+2/) -3(a;4-y) +8(a:+y) -2(aj+y). 

23. 4(a 4- hy + 10(a + &)2- 7(a + 6)^- 2(a + 6)» 
+ 5(a+6)l 

24. 3cd-2c(2 + 5cd + 7cd-3c(2-4cd. 

25. 9(a:y)3 _ 3(^^)8 ^^xyf - 5(a^)3 + 2ixyy - 6(a^)«. 

32. To add when some terms are dissimilar. 

1. Add aj + 32/ — «, a; — 2y, a; + 4y + 3 2J. 

PROCESS. Explanation. For convenience in adding, similar 

X -\-Sy — z terms are written in the same column, and the sim- 

/jj 2 V plest form of the sum is obtained by beginning at 

. ty either the right or left hand column and adding 

"T y -T *jZ Q2iQY^ column separately. The dissimilar terms in 

3x4-5 y4-2z ^^® result are connected with their proper signs. 

Rule. Write similar terms in the same column. Add 
each column separately hy finding the difference of the sums of 
the positive and the negative terms. Connect the results with 
their proper signs. 

Find the sum of each of the following : 



2. 


3. 


4. 


2a-46 


10x + Sy+ z 


Sxy + 2f-^ z" 


6a — 2b 


— 5x— y 


-2xy-\-6y'-5z' 


2a + Sh 


2x-^2y-\- z 


7a:y — 42/^ + 42* 


-5a-46 


a: + 7y— 42 


2^ + 5^^ 
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5. Find the sum of2c + 5d, 7c — d, d — 4c, 2d — c. 

6. rindthesumof 6 m— 4ri,2m+3n,5n— 7m, 2n— 3m. 
Express in the simplest form : 

7. 2a + 2& + 3c + 46-4a + 6a — 2c. 

8. ix^z + 5 Qsz^ — 7 xy -^ 6 xz^ — 2 a^z + 4:Qsy + 4:a^z — xs^. 

9. 3w;+4a;— 7^+21;— 2w;— a;+32/+4'y— 3aj+4w— 6v. 

10. a*62+c2-|-cd-2 c^-S cd+5 o'V+cd-S c^-2 a^}f--(?. 

11. Add ah + a^c - 5, 3 a& - 3 aH -\- 7, 2 0^0-2 ah- 3. 

12. Add 5a + 3 6 — 2c + d, 26 + c — 3d, 7a — 56 + c. 

13. Add Gm+8n+a;— 2/, 2m—2n+3x+4:y, — m— 5ai 

14. Add Sx-\-7y — 4iZ-\-6w,7z — 4:X-'2y — 5w, x + y 

+ Z + W, 

16. AM4:a^y-Sxy^-2a?f, 4: xy^ -^ S a^y - 2 o^y^, ^^f 

— 2 0^2/ — 3 ^' 

16. Add 3 a^ 4- 2 y**, — 4a^ + 5y", 5a^ — 4y", 7a;"* — 2^'' 

17. Add 8a26V-3a6 + ed, 2 a^ft^x* + a6 - 4 ed, 2a& 

- a% V. 

18. Add 7m^ — 6mw + 5n*, 4 mn — 3 m* — n*, 5m^ — 4n^ 
+ 5 ?nn. 

19. Add Uax'-Say^ + eaa;^, 20 ay* - 24 aic^ - 12 aar^, 
32 aic^ - 40 ai/3 + 15 a;2». 

20. Add 10 a^ft - 12 a»6c - 15 6V + 10, -4a26 + 8a%c 
-106V-4, 2a26+12a36c + 56V + 2. 

21. Add 4a,^-6aic2 + 5a2aj-5a», 3»' + 4aar' + 2a2a 
+ 6a», -17ic3 + 19aic2-15a2aj + 8a8. 

22. Add 6(c+d) -3(cH-d) H-a(c+d) -26(c+d)-(c+d). 

23. Add7a — 36 + c + m, 36 — 7a — c+m. 
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24. Add Sax + 2(x + a)-hSh, 9aa?+6(aj + a) — 96^ 

11 a: + 6b — 7ax — S{x + a). 

26. Add 6(x+y) +32-8, 2{x+y) -2z + 4., Sz-S^x+y). 

33. A letter may sometimes represent some definite 
number. 

Thus, a may represent 6 ; then 2 a will represent 10 ; 3 a, 15, etc. 

A letter may also represent any number, whatever its 

value. 

Thus, 5 times n may represent 5 times any number ; 8 times n oi 
8 n may stand for 8 times any number. 

34. Letters used to represent quantities having a definite 
value, or letters which represent any number or quantity are 
called Known Numbers or Quantities. 

The first letters of the alphabet, as a, h, c, etc., are used 
to represent known numbers or quantities. 

Thus, a, 6, c, d, etc., are usually considered known quantities; 
that is, they either stand for known numbers or for any number. 

PROBIiEMS. 

35. 1. A man bought a barrels of flour, h barrels of 
sugar, and 8 barrels of molasses. How many barrels in all 
did he buy ? 

2. Edith bought a ribbon for m cents, a pencil for d 
cents, and a book for 6 cents. How many cents did she pay 
for aU ? 

3. A farmer sold some sheep for c dollars, a cow for n 
dollars, and a horse for as much as he received for the sheep 
and cow. How much did he receive for all ? 

4. George walked a miles, he then rode 3 miles on his 
bicycle, and h miles on the cars. How far did he travel ? 
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6. A man began business with 2 c dollars. The first 
year he gained ^ as much as he had; the second year ^ as 
much as he had at the end of the first year ; and the third 
year $ 400. How much did he gain in the three years ? 

6. The letter b represents an odd number. What will 
represent the next even number? What the next odd 
number ? 

7. Laura is m years old ; Lizzie is twice as old as Laura ; 
and MabePs age is equal to ^ the ages of the other two. 
What is the sum of their ages ? 

8. A merchant took in c dollars one week, d dollars the 
next, and $ 75 the next. How many dollars did he receive 
in the three weeks ? 

9. What is the sum of x-{-x + x-\- etc. taken seven 
times ? Of x-}-x + x-\- etc. taken a times ? 

10. A grocer sold b pounds of sugar, c pounds of coffee, 
d pounds of tea, and 2 pounds of chocolate. How many 
pounds of groceries did he sell ? 

11. A man paid m dollars for a coat, n dollars for a 
waistcoat, p dollars for trousers, g dollars for a pair of 
boots, and r dollars for a hat. How much did his outfit 
cost him ? 

12. A man paid a dollars for a farm ; he then expended 
upon improvements d dollars, and sold it for b dollars more 
than the entire cost. How much did he receive for it ? 

13. My fare to San Francisco was a dollars, my sleeping- 
car charges c dollars, my meals cost me b dollars, and my 
other expenses $25. How much did I expend before I 
reached San Francisco ? 
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36. 1. What is the difference between 8 days and 5 
davs? 

2. What is the difference between 11 cents and 4 cents ? 

3. What is the difference between 12 d and 5d? 

4. W^hat is the difference between 15c and 8c? 
6. What is the difference between 12/ and 8/? 

6. Subtract: 

8a; from 13a;; Ay from loy ; 6 c from 13c; Sd from 20d; 
10 a;^^ from 14: oc^y, Sa^i/^ from 21a^y^', 4xy^ from 14a?y^; 
10a^6^ from 18a^6^; 8aVy^ from 15 aV^^; AiObcd from 
13 abed ; 6 aftca; from 18 ahcx ; 10 ax^yh^ from 20 ao^r^, 

7. What is the remainder when 4aVy* is subtracted 
from 10 aV/ ? What is the sum of 10 aVt/^ ^jj^^^ _ 4 ^23^2^8 9 

8. What is the remainder when 3a&c^ is subtracted from 
12 ah<? ? What is the sum of 12 ab(? and - 3 aftc^ ? 

9. Instead of subtracting a positive quantity, what may 
be done to secure the same result ? 

10. What is the result when 8 is subtracted from 16? 
What, when 8 — 5 is subtracted from 15 ? 

11. Why is the result 5 more in the latter case than in 

the former ? 

32 
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12. What is the result when 10 a is subtracted from 
18a ? What, when 10a — 8a is subtracted from 18a ? 

13. Why is the result greater by 8 a in the latter case 
than in the former ? 

14. Instead of subtracting a negative quantity, what may 
be done to secure the same result ? 

16. One vessel was 40 miles east and another 20 miles 
west from a given meridian. Indicate their relations by 
proper signs. How far apart were they ? 

16. Mr. A's property is worth f 25a and Mr. B is $ 8a 
in debt. Indicate their financial conditions by proper signs. 
What was the difference in their financial condition ? 

17. A thermometer indicated a temperature of 35° above 
zero on Jan. 5, and of 15° below zero on Jan 6. Indicate 
the temperature by proper signs. What was the difference 
in temperature ? 

37. Principles. 1. The difference between similar quan- 
titieSf only J can be expressed in one term, 

2. Subtracting a positive quantity is the same as addin^g a 
numerically equal negative quantity. 

3. Subtracting a negative quantity is the same as adding a 
numerically equal positive quantity. 

38. To subtract when the terms are positive. 

1. From 10 a subtract 4 a. 

process. Explanation. When four times any number is taken 

10 a fi^om ten times that number, the remainder is six times 

the number ; therefore, when 4 a w subtracted from 10 a, 

^^ the remainder is 6 a. Or, since subtracting a positive 

number or quantity is the same as adding an equal nega- 



— — — — ^ "'"&»-^ 

^^ tive quantity (Prin. 2), 4 a may be subtracted from 10 a 

by changing the sign of 4 a and adding the quantities. Therefore, to 

subtract 4 a from 10 a, we find the sum of 10 a and — 4 a, which is 6 a. 

MILNS^S BL. OF ALO. 3.^ 
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2. From 13 m take 15 m. 

PROCESS. Explanation. After subtracting from 13 m as much 

^ ^ as we can of 15 m, there will be 2 m yet to be subtracted, 

lorn ^j, ^j^Q result will be —2 m. Or, since subtracting a posi- 

15 m tive number or quantity is the same as adding an equal 

"" negative quantity (Prin. 2), 16 m may be subtracted from 

— 2 m 13 m by finding the sum of 13 m and — 16 m, which is 

— 2 m. Therefore, when 15 m is taken from 13 m, the 

result is — 2 m. 



3. 


4. 


5. 


6. 


7. 


8. 


From 19 a; 


Tab 


18 m« 


16 0^ 


ex'fz 


9mn 


Take 4 x 


Sab 


13 m^ 


20 xy 


^x'yh 


14: mn 



Subtract the following : 

9. 8aj + 3y from 12ajH-72/. 

10. 5a6H-3c from 10a& + 2c. 

11. 4:b-\-9diromSb + 5d. 

12. 5x-\-y ivomSx-\-Sy. 

13. 4 a; 4- 8 2J from 5 a? 4-9 2J. 

14. 3a + 26H-5cfrom 7a + 56 + 6c 

15. 7 a -I- 2 6 from 9a + 6. 

16. 5x^ + Sy^-^6xyhom7iic^-\-3y^ + 2xy. 

17. 4a^ + 32; from 10a;2/4-52J. 

18. 5(a2 4-62)4-70* 4-2d from 6(a2+62) + 4c2 + 4d 

19. 3a(p4-g) + 2from6a(p4-g)4-7. 

20. 5aj4-72/4-42J4-5 from 5aj4-4y4-82J4-6. 

21. 3ar*4-22^4-2;4-4'y from 7a;2 4-3?/4-62;4-v. 

22. 2a; 4-5(1/ 4- «) 4- 8 from 7x-\-2(y + z)-\-10. 

23. 3a^ + 5b^-\-4:C^ + d^ from a^ -\-Gb^ -\-c^ + 50^. 
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39. To subtract when some terms are negative. 

1. From 7a:— 21^ subtract 4 a?— 32/. 

Explanation. Since the subtrahend is composed 

PEOOESS. q£ ^^q terms, each term must be subtracted separately. 

7 x — 2y Subtracting 4 x from 7 x — 2y, leaves 3 a; — 2 y, or the 

A^ Oy result may be obtained by adding — 4x to 7 x — 2y. 

But since the subtrahend was 3 y less than 4 x, to obtain 
the true remainder, 3 y must be added to 3 a; — 2 y, 



3x-\- y which gives 3 a; + y. 

Therefore the subtraction may be performed by 
changing the sign of each term of the subtrahend and adding the 
quantities. 

Rule. Write similar terms in the same column. Change 
the sign ofea>ch term of the subtrahend from -\- to —, or from 
— to -\-j or conceive it to he changed^ and proceed as in 
addition. 

2. 3. 4. 5. 6. 

From4a»a: 9x^yz 6y — 42 7ix^-}-5y^ Sa-Sb + c 
Take 3a^x -Ta^yz 5y-\-2z 4a;2-8/ 3a + 36-c 

7. 8. 9. 

From 4a6 — 3c4-c2 5a^—Sxy + x 10ax—13y + z^ 
Take — 2a6H-5c — c2 6a^ + 5a^ — a; 5 ax— Ty — a^ 

10. From 12 »*— 20 a^f + 6xy subtract d3i^f-'2xy + 4:a^. 

11. From 4:ab-h3b^-''6cd subtract 6ab-2b^ + 2cd. 

12. From 9a^y — %xy^ — 2xy -\- 5 subtract 3x^y + a^ + 8. 

13. From 7 of -{- 2 x'^y'' — 5 y** subtract 4a^ — 2aj"*2/** — 9 y\ 

14. From 8(m + n^) - 12 (m^ + n) subtract 12 (m + n^) 
-8(m2 4-n). 

15. From 4aj'4- 7y*- 32;^ + ^ subtract -2aj' + /-3r». 

16. From 5(p 4-5') — 6(r-hs)+ 15 subtract 8(pH-g) 
+ 2(r + «) + 25. 
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17. From 18 mVisc* + 12 a'6c* -I- a6d subtract —2m*n3i? 
H-5a5d. 

18. From a^- 2a6 + c^- 36* subtract 2a^-^2ab + SV, 

19. From 2x^ + 2f-4:xy subtract 2ix^ -\- 2f-\-4:Xy. 

20. From 4 a;* + Sx^y^ — 8y* subtract the sum of a;* — a^ 
H-3y* and 2«* + 2a.Y~ 9?/*. 

21. From 5 «^y* + 10 a;*y — 6 yar^ subtract 10 a;*y — 4 ar^y* 

22 . From 3 aj"* — 4 af*?/"* + 4 y" subtract 4 a;"* + 2 a^y^ — y*. 

23. From 4 &a;^ + 3 ay^ + 4 — cy subtract cy — B — ba?. 

24. From lOm^ — 4mM — 3n* — 18 subtract the sum of 
m* — Smn + 4 and 5m^ — 2 mn + 6n^ 

25. From a^x — x^-\'0[^y — S subtract 3a*a;— 5— a^+2ar^. 

26. From 15x^y^-15 subtract 4. a^ f -\-z^ -4:^^10. 

27. From 2a; + 2^ H-« + ?^ subtract x-\-2y -\-2z-\-2u, 

28. From 16 a^ft^ _ 12 6c + 14 6* subtract the sum of 
a262__32,c + 4 and lOaV -{-^hc + 5h\ 

29. From ax -{-by subtract cx — dy, 

PROCESS, Explanation. Since a and c may be re- 

, garded as the coefficients of a, and b and — d 

ax 4- oy ^j^g coefficients of y, the difference between 

ex — dy ^1^6 quantities may be found by writing the 

~ r — -r— difference between the coefficients of x and y 

(a c)x-f-{^o -f-a)y respectively for the coefficients of the remain- 
der. Since c cannot be subtracted from a, the 
subtraction is indicated by (a — c), and since — d cannot be sub- 
tracted from 6, the subtraction is indicated by (6 + d), consequently 
the remainder may be written (a — c)x H- (6 + d)y. 

30. From aa; + 2 y subtract 2a;— 6y. 

31. From 2cx — ay + 3z subtract cy-\-5x — az. 
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32. From ex ^ 12 aby -\- 4: aV subtract 6x-10aby+3b\ 

33. From 2a(x — y)-\-4:abx subtract 3c{x — y) + 2ax, 

34. From ax + by + cz subtract bx + cy + dz. 

35. 'From Sx-\-7y + Sz subtract bcx — ay-^az. 

36. From 5ay -{-2cz-^ 6x subtract cy — az — dx, 

37. From (a — b)x + {c + d)y subtract ax-\-dy, 

38. From 7a^+5af + 6z^ subtract 2aa^ + Sy^ — abz\ 

39. From (m-{-n)a:^ '\-(m—n)y^+s^ subtract mna^—A^ 
+ az\ 

40. From a(x + y) -\-,b(x — y) + dx subtract b(x + y) 
^ a(x — y) ^ ex. 

41. Express the difference between m and n. 

42. Write the number one less than a;; the number one 
greater. 

43. A man sold a horse for $125 and gained a dollars. 
"What did the horse cost? 

44. A girl earns b cents a day and spends 25 cents a 
week. How much has she left at the end of the week ? 

45. The sum of two numbers is 30, and x represents one 
of them. What represents the other? 

46. The difference between two numbers is 5. How may 
the numbers be represented ? 

47. A merchant bought a hat for b dollars and a coat 
for c dollars, and sold the two for d dollars. What repre- 
sents his gain? 

48. A man whose income is a dollars spends m dollars 
for rent, n dollars for living expenses, and 100 dollars for 
other expenses. What represents the amount he saves ? 
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49. A lady paid a dollars for a dress, c dollars for a hat, 
and $25 for a cloak. How much had she left from a 
$50 bill? 

50. A man paid 40 dollars for a cords of wood, and sold 
it at 3 dollars a cord. How much did he gain? 

51. A farmer sold some grain for b dollars, some fruit 
for d dollars, and some hay for e dollars. He received in 
part payment a horse worth / dollars. How much remained 
still to be paid? 

40. The parenthesis, ( ), the vinculum, , the bracket, 

[ ], and the brace, ||, are called Signs of Aggregation. 
They show that the quantities included by them are to be 
treated as a single quantity. 

Thus, (a+ b)xc^ a + h xCf and {a + b} xc show that the sum of a 
and b is to be multiplied by c. 

41. The subtrahend is sometimes expressed with a sign 
of aggregation and written after the minuend with the 
sign — between them. 

Thus, when b + c — dis subtracted from a+ by the result is some- 
times indicated as follows : a + b —(b -]- c — d), 

1. What change must be made in the signs of the terms 
of the subtrahend when it is subtracted from the minuend ? 

2. When a quantity in parenthesis is preceded by the 
sign — , what change must be made in the signs of the 
terms when the subtraction is performed, or when the paren- 
thesis or other similar sign is removed ? 

The term parenthesis is commonly used to include all 
signs of aggregation. 

42. Principles. 1. A parenthesis, preceded by the minus 
sign, may be removed from an expression if the signs of all 
the terms in parenthesis are clianged. 
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2. A parenthesis, preceded by the minus sign, may he 
used to inclose an expression if the signs of all the terms to he 
inclosed in parenthesis are changed. 

When quantities are inclosed in a parenthesis preceded by the plus 
sign, the parenthesis may be removed without any change of signs, 
and, consequently, any number of terms may be inclosed in a paren- 
thesis with the plus sign without any change of signs. 

The student should remember that in expressions like ~{x'^—y-\-z) 
the sign of x^ is plus, and the expression is the same as if written 

Simplify the following : 

1. 20 -(3 + 4- 6 + 5). 
Solution. 20 - 3 - 4 -f 6 - 6 = 14. 

2. 25- (6 4-9- 3-7 + 13). 

3. 5__(34.2-6)-(-2-4 + l). 

4. (7_5 + 3)-(8-94-2). 

6. i5__(3 + 4-6)-(8-6 4.7> 

6. (4 + 10-8)-(34-7-4). 

7. 19-(12-5 + 8)-(ll-5-3). 

8. 30-(-6H-8-l)-(18-10 + 4). 

9. (14-54-2)-(18-20 + 5). 

10. lo-(3 + 8-7) + 16-(104-44-5-8), 

11. (5 + 7«8)-6-(-5 + 3-6 + 2). 

12. 16-[8-(5 + 6-4)4-12]. 

Solution. 16 - [8 - (6 + 6 - 4) + 12] 
= 16-[8-5-6-f 4 + 12] 
= 16 -845 + 6-4- 12 
= 3. 
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13. 26 -[13- 4 -f (3-10-2)]. 

14. 10-{8-(15-f 7 + 3)4-6}. 

16. l7-(34-8)-[12-(34-8)-5]. 

16. _{-l6-hl3-(6-l-f 4)4- 5-10{. 

17. (34-7-4)-[14-(134-7) + 5]. 

Simplify the following : 

18. a — (b — c + d — e). 

Solution, a — (b — c -^ d —e) = a — b + c — d + e* 

19. 2a; — (a; — 5ic-h3ic — Soj). 

20. 7 m — (3 n 4- 2 m — 6 m + n) . 

21. 4ic2 + 7aa; — (5aa; + 3aa; — 2ar^+10aa?). 

22. a2 + 62_(_2a6-2a*-26^). 

23. (6xy'{'2z) — {^z + 3xy — 2z + 5). 

24. a — 6 — (a + 6 — c — 3). 

26 . a 4- & - (2 a - 3 6) - (5 a 4- 7 6) - ( - 13 a 4- 2 6). 

26. (a + 6 + c)4-(— a4-& — c) — (a — 6 + c). 

27. a; — [— aj4-2aj — (a;4-2aj) — 2a;]. 

28. 3x-'lx — Sz — (2y — z)^, 

29. a2-a-(4a-y-3a'-l). 

30. m 4-w — (w4-n) — {m — n — (m4-^) — w|. 

31. (^x' + 2xy + f)^(2xy-x'^y'). 



32. 9aj — [8a; — 6a; — 3a;]. 



33. (a;4-10)-{a;-3a; + 25-10}. 

34. 8a-(6a-5)-(5a + ll-4a). 
36. a-[26-(3c+26)-a]. 



SUBTRACTION. 41 

TRANSPOSITION IN EQUATIONS. 

43. 1. If a certain number, diminished by 3, equals 15, 
what is the number ? If a; — 3 = 15, what is the value of aj ? 

2. If a certain number, increased by 3, equals 15, what 
is the number ? If a; + 3 = 15, what is the value of a; ? 

3. In the equation a? — 3 = 15, what is done with the 3 
in obtaining the value of a; ? In the equation a; = 15 + 3, 
how does the sign of 3 compare with its sign in the original 
equation ? 

4. In the equation a? + 3 = 15, what is done with the 3 
in obtaining the value of a;? In a; = 15 — 3, how does the 
sign of 3 compare with its sign in the original equation ? 

5. In changing the 3's from one side or member of the 
equation to the other, what change was made in the sign ? 

6. When a member or quantity is changed from one 
member of an equation to the other, what change must be 
made in its sign ? 

7. If any number, as 5, is added to one member of the 
equation 2 + 3 = 5, what must be done to the other member 
to preserve the equality ? 

8. If any number, as 3, is subtracted from one member 
of the equation 2 + 3 = 5, what must be done to the other 
member to preserve the equality ? 

9. If one member of the equation 2 + 3 = 5 is multiplied 
by any number, as 4, what must be done to the other mem- 
ber to preserve the equality ? 

10. If one member of the equation 2 + 3 = 5 is divided 
by any number, as 5, what must be done to the other 
member to preserve the equality ? 
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11. If one member of the equation 5 + 3 = 8 is raised to 
any power, as the second power, what must be done to the 
other member to preserve the equality ? 

12. What, then, may be done to the members of an equa- 
tion without destroying the equality ? 

44. The parts on each side of the sign of equality are 
called the Members of an Equation. 

45. The part of an equation on the left of the sign of 
equality is called the First Member. 

46. The part of an equation on the right of the sign of 
equality is called the Second Member. 

47. The process of changing a term from one member 
of an equation to another is called Transposition. 

48. A truth that does not need demonstration is called an 
Axiom. 

Axioms. 1. Things that are equal to the same thing are 
equal to ea/^h other, 

2. If equals arc added to equals, the sums are eqvjol, 

3. If equals are sfubtra/cted from equals, the remainders are 
eqvxd, 

4. If equals are multiplied by equals, the products are 
equal, 

5. If equals are divided by equals, the qu^otienls are 
equal, 

6. Equal powers of equal quantities are equal, 

49. Principle. A term may be transposed from one memr 
ber of an equation to the other if its sign is changed from + to 
— , or from — to 4-. 
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EQUATIONS AND PROBLEMS. 
50. 1. Given 2ic — 3 = aj-h6, to find the value of x. 
PROCESS. Explanation. Since the known and the un- 



2a;-3 = a:4-6 



2x =a;-f9 

X z=zX 



known quantities are found in both members of 

the equation, to find the vahie of x, the known 

+ C) = 4-3 quantities must be collected in one member and 

the unknown in the other. 

Since — 3 is found in the first member, it may 
be caused to disappear by adding 3 to both mem- 
X =9 ^^^ ^^^' ^^ * ^^ich gives the equation, 2x=x+d. 

Since x is found in the second member, it may 
be caused to disappear by subtracting x from 
' both members (Ax. 3), which gives as a result- 

2a? — 3 = a; +6 ing equation, a = 9. 

2a; — a; = 6 + 3 ^^' ®^^^® ^ ^^^ ™^y ^ changed from one 

_^ member of an equation to the other by changing 

^ — ^ its sign (Prin.), — 3 may be transposed to the 

second member by changing it to +3, and x 

VERIFICATION. ™^y ^® transposed to the first member by 

changing it to — x. Then, the resulting equa- 
18 — ,5 = 9 -h 6 tion will be2a;-x = 6 + 3. 

15 = 15 By uniting the terms, a; = 9. 

The result may be verified by substituting the valtte of x for x in 
the original equation. 

If both members are then identical, the value of the unknown 
quantity is correct. Thus, if 9 is substituted for x in the original 
equation, the equation becomes 18 — 3 = 9 + 6, or 15 = 15. 

Therefore, 9 is the correct value of x. 

Rule. Transpose the terms so that the unknown terms 
stand in the first member of the equation, and the known 
terms in the second. 

Unite similar temiSj and divide each member of the equation 
by the coefficient of the unknown quantity. 

Verification. Substitute the value of the unknown 
quantity for the quantity in the original equation. If both 
members are then identical in value, the value of the unknown 
quantity found is correct. 
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Transpose, and find the value of x. 



2. a;-f4 = 10. 

3. a; — 3 = 4. 

4. 2a; -f 1 = 5. 
6. 6a; -C= 12. 

6. 4a; 4-3 = 15. 

7. 8a;- 2 = 14. 

8. 3a; 4-5 = 26. 

9. 9a;-5 = 3L 

10. 5a; + 2 = 10 + 7. 

11. 7a;-l = 30-h4. 

12. 2a;-10 = 3-f5. 

13. 4a; — 2a; = 3 + 7. 

14. 6a;-3 = 2a; + 9. 

15. 5a;-15-f2=2-3a;+l. 

16. 6a;-2a; + 4 = 16-8. 

17. 7a;-3 = 2a;-4-hll. 

18. 2a; + 4 = 9a; — 10. 

19. 6a; + 25 = 18 — a;. 

20. 3a;- 4 = 12 -4. 

21. 5a;- 5 = 67 — 3a;. 

22. 10a;-20 = 24-12a?. 

23. 3a; — 14 = 10 — a;. 

24. 2a; -16 = 20 -4a;. 

25. 15a;- 39 = 29 -2a;. 

26. 3a;- 18 = 31 -4a;. 

27. 4(c-14 = 49-3a;. 

28. 5a; — 20 = 25-4a;. 

29. 2a; -36 = 60 -6a?. 



30. 3a; — 20 + a; = 44 — 4a;. 

31. 3a;-h3=5 + 8a;-7. 

32. 9a;+15 = 6 + 7a; + 3. 

33. 5a;4-2a; = 9a; + 5 — 15. 

34. 8a; -10 = 10 + 2a; + 4. 

35. 4a;-6a;-6=6+3-3a;. 

36. a; — 5 = 18 — 4a; — 3. 

37. 3a; + 6a; = 18— a; + 2. 

38. 3a; -6 = a; + 14 -4 

39. 9a; + 13=26 + 2a;+l. 

40. 4a; + 4 — 3a; = 16 — 2a?. 

41. 27 a; -14 = 190 -41a;. 

42. 6x- 12= 4a? + 18. 

43. 5a;— 15 = 3 a; + 9. 

44. 18a; + 9 = 15a? + 30. 

45. 7a;-3+2a;=5a?-20+l. 

46. a; + 14-2a; = 6a?-2L 

47. 9a; + 3- 24 = 5a? -25. 

48. 10a?-4 + 3=6a; + 19. 

49. 3a;- 15 -10 = 20 -2a;. 

50. 5a;-5-20 + 6a; = 4L 

51. 2a? — 25 = 35 — .T — 3a;. 

52. 3a;-19=20-10a;+13. 

53. 5a;-16=25-a?+40-3a?. 

54. 6a;-5-30=10-4a;-5a?. 

55. 7a?-30 = 10 + 16-7a?. 

56. 5a? — 50 = 25 — 5a? +25. 

57. 10a;-22 = 17-2a?-a?. 
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PBOBIiEMS. 

51. 1. Twice a certain number increased by 15 is equal 
to the number increased by 19. What is the number ? 

2. What number is that whose double exceeds the num- 
ber by 12 ? 

3. Ten times a certain number diminished by 13 is 
equal to the number plus 5. What is the number ? 

4. What number diminished by 8 equals 6? 

5. Six times a certain number plus 7 equals five times 
the number plus 12. What is the number ? 

6. Three boys together had 90 cents. The first had 10 
cents more than the second, and the second had 1 cent 
more than the third. How much had each ? 

7. A father gave a certain sum to his youngest son, and 
4 cents more to the next older, and 10 cents to the oldest. 
If he gave to all 20 cents, how much did he give to each ? 

8. The greater of two numbers exceeds the less by 14, 
and the sum of the numbers is 34. What are the numbers ? 

9. A and B started in business, A furnishing $4000 
more than B. Three times B's capital was then equal to 
A's. How much did each furnish ? 

10. A and B had the same sum of money. A gave B $4, 
and then B had double the amount A had left. How much 
had each at first ? 

11. A tourist rode 32 miles upon a bicycle. A certain 
number of miles was down hill, twice as far plus 8 miles 
was level, and the distance up hill was ^ as far as the dis- 
tance on a level. How many miles did he travel upon 
each kind of road. 
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12. A man has two horses, of unequal value, together 
worth $ 200. If he should put a saddle worth $ 30 on the 
poorer horse, the horse and saddle would together be equal 
in value to the better horse ? What is the value of each ? 

13. Six hundred gallons of water are discharged into a 
cistern by 3 pipes. The second discharges 100 gallons 
more than the first, and the third discharges three times as 
much as the first. How many gallons are discharged by each 
pipe? 

14. A drover being asked the number of his cattle said 
that if he had three times as many as he then had and 25 
more, he would have 1000. How many cattle had he ? 

16. A man bought a watch and chain for $60. The 
watch cost 12 times as much as the chain lacking $5. 
What was the cost of each ? 

16. A tenement house contained 90 persons, men, women, 
and children. If there were 4 more men than women, and 
10 more children than meii and women together, how many 
were there of each ? 

17. A steamer and its cargo are together worth f 120,000. 
If the steamer lacks only $ 8400 of being worth twice as 
much as the cargo, what is the value of each ? 

18. A clerk's expenses are $400 per year, and his 
brother's are $600 per year. If the brother has three 
times as large an annual salary and he has left at the end of 
the year a sum equal to twice his brother's salary, what is 
the salary of each ? 

19. If a house and lot cost four times as much as the lot, 
and the house cost $ 2500 more than twice as much as the 
lot, what was the cost of each ? 
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52. 1. What is the sum of 5m + 5m + 5m? Or, how 
much is 3 times 5m? 8 times 5m? 

2. What is the sum of 8a;y-h8a?y + 8icy + 8a;y? Or, 
how much is 4 times Sxy? 10 times Sxy? 

3. How much is 6 times 7 be? Which quantity is the 
multiplier ? Which is the multiplicand ? What sign has 
the multiplier ? What sign has the multiplicand ? What 
sign has the product ? 

4. When a positive quantity is multiplied by a positive 
quantity, what is the sign of the product ? 

5. If a vessel sails south 8 miles per hour, indicated by 
— 8 mi., how far will she sail in 5 hours ? What will be 
the sign of the product ? 

6. How much is 4 times —5xy? 6 times —6ab? 
7 times —Scd? What is the sign of the multiplier in 
each case ? What is the sign of the multiplicand ? What 
is the sign of the product ? — 4a6x8=? 

7. When a negative quantity is multiplied by a positive 
quantity, what is the sign of the product ? 

8. How does the product of 6 times 7 compare with 

the product of 7 times 6 ? What effect upon the product 

has it to change the order of the factors, when the numbers 

or quantities are abstract ? 

47 
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9. How, then, will the product of — 3 a miQtiplied by 
-f 4 compare with the product of -f 4 multiplied by —3a? 
What is the product ? —5xyx6=? 6 x — 5xy=i? 
-7a6x4 = ? 4x-7a6=? 

10. When a positive quantity is multiplied by a negaMve 
quantity, what is the sign of the product ? 

11. Howmuchis6times — 3a? 2 times —3a? (6 — 2) 
times — 3 a, or 6 times — 3 a, — 2 times —3a? 

12. Since 2 times —3 a, or —6 a, must be subtracted 
from — 18 a to obtain the correct product, what will be the 
sign of — 6 a after it is subtracted ? 

13. Since — 2 times — 3 a gives a product of +6 a, what 
may be inferred regarding the sign of the product when a 
negative quantity is multiplied by a negative quantity ? 

14. What is an exponent ? What does it show ? What 
does a* mean ? When a* is multiplied by a^, how many 
times is a used as a factor to obtain the product ? How 
many times, when a* is multiplied by a* ? 

15. How, then, may the number of times a quantity is 
used as a factor in multiplication be determined from the 
exponents of the quantities in the expressions multiplied? 
How may the exponent of a quantity in the product be 
determined ? 

16. 3a2x6=? 10a«x5 = ? 20a8x3=? 25a^yx2 = ? 
How is the coefficient of the product determined from the 
coefficients of the factors, or from the multiplier and the 
multiplicand ? 

63. Multiplication is indicated in four ways : 

1. By the sign x, read multiplied by or times. 
Thus, a X b shows that a is to be multiplied by b. 
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2. By the dot (•), read muUiplied by or times. 
Thus, a • b shows that a is to be multiplied by 6. 

3. By writing letters, or a number and a letter side by 

side. 

Thus, ab shows that a is to be multiplied by b ; and 5 a shows that 
a is to be multiplied by 5. 

4. By a small figure or letter, called an Exponent, written 

a little above and at the right of a quantity, showing the 

number of times the quantity is to be used as a factor. 

Thus, a^ shows that a is to be used as a factor 5 times, or that it is 
equal toaxaxaxaxaor aaaaa, 

54. Principles. 1. The sign of any term of the product 
is -|- wh£n its factors have like signs, and — when they have 
UNLIKE signs. 

2. The coefficient of a quantity in the product is equal to 
the product of the coefficients of its factors. 

3. 77ie exponent of a quantity in the product is equal to the 
9um of its exponents in the factors. 

55. To multiply when the multiplier is a monomial. 

1. What is the product of 5 x^yz multiplied by 3 abx ? 

PBOOESS. 

Explanation. The coefficieut of the product is ob- 

5a?yz tamed by multiplying 6 by 3 (Prin. 2). The literal 

Sabx quantities are multiplied by adding their exponents 

(Prin. 3). Hence, the product is Ibabx^z. 

15 abxh/z 

2. What is the product of 3 6— c multiplied by —5c^? 

Explanation. The product of 3 & multiplied by 
6c2 is 15 6c2. But, since the entire multipli- 
cand is 3 6 — c, the product of c multiplied by 5 c^ 
must be subtracted from 16 bc^. The product 
of c multiplied by Sc^ is Sc^, which subtracted 
from 16 &c* gives the entire product 16 6c* —6 c*. 

milke's bl. of alo.- 



PKOCESS. 


36- 


- c 




6<r' 


56c»- 


-6c« 
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Rule. Multiply each term of the multiplicand by the 
multiplier, as follows : 

To the product of the numerical coefficients^ annex each 
literal factor unth an exponent equxd to the sum of the expo- 
nents of that letter in both factors. 

Write the sign -h before each term of the product when its 
factors have like signs, and — when they have unlike signs. 

3. 4. 5. 6. 7. 8. 9. 10. 

Multiply 10 10a -6a 22a; 18 -14 6 17c 24a; 
By 4-4 3 -5 6a; 3 3c -9a; 

11. 12. 13. 14. 15. 

Multiply 5x'yz -15a;y* 16 c'dz -42mV -25a^b 
By 2oi^yz — 3xy^' —Adz — 3mn 5ab^ 

16. 17. 18. 19. 

Multiply (a + 6) 4(a;-t/) 3x + 2y-5z 2xih/-2fz 
By _ 4 -5 2a 3a; 

Multiply : 

20. 3a^x — Bonify -\-2y^hy —4:0cy, 

21. a^ -\-2 ab-\-b^ by ab, 

22. 6 m + 7 mn -h 5 w^ by — 3 mn, 

23. a;^ - 2 ar^ + 5 a;2 + a; -3 by 9 a;^. 

24. 9a^-13ab-\-Ab^-ehjl2a^b\ 

25. x^ — 3xy — 3xz-\- yV by 2 ax. 

26. 4ab-\-3a^b-5ab' -2a^hy3b\ 

27. 3m^ — 10 mn — 8 n^ by 4 mn. 

28. a;* + a;* + a;^ -h a; + 1 by — 5 a;. 

29. 6a*-18a5 + 15c2-20a6c-hl4by3a^». 



MULTIPLICATION. 51 

56. To multiply when the multiplier is a polynomial. 

1. Multiply a + bhj a + b. 

Solution. a + b 

a + b 

a times a + b = a^ -\- ab 

b times a + b = ab + b^ 



(a + b) times (a + b) = a^ -\- 2 ab -\- b^ 

Rule. Multiply each term of the multiplicand by each 
term of the muUiplier, and add the partial prodvjcts. 



2. 

2ab-Zc 
4a6 + c 




3. 

« -y 


8 a262 _ 12 abc 

2a6c-3c2 




8a262_i0a6c-3c2 


X* -4*8^4. 6a;2y2 _ 4xy8 4- y4 


MiQtiply : 






4. x + yhjX'\-y. 


17. 


5m — 4n by 4m -f by. 


6. m + n by m — n. 


18. 


x-\-2yhj X'\-by, 


6. a^ + 2ab + b^hj a^b. 


19. 


l-ha + aj^by 1— oj. 


7. 2a — 56by2a + 56. 


20. 


a; 4- 2/ + 1 by a; — 2/ — 1. 


8. a; + 4bya; — 10. 


21. 


2a; + 4yby 3a; — 2y. 


9. Zy + 2zhj2y + Zz. 


22. 


a + 6 — 2cby2a — 6. 


10. 3 a + 7 6 by 3 a — 7 6. 


23. 


4a; + 7by3a:-2. 


11. 2ic-hlby 3a;-6. 


24. 


3 am + 6c by 8 ac + cl 


12. 2a — 36 by 3a-h56. 


26. 


3a;2/ — 62/by 4a;2^ + 82^. 


13. 3m + 4n by 2m -h3w. 


26. 


x^y — zhy x + y. 


14. 5i/ — 3^; by 4y — 421. 


27. 


a — b^chja — c. 


15. 26-5chy 36-h8c. 


28. 


2 a -f aj — 1/ by a — x. 


16. 3aJ-20by 8aj-f 4. 


29. 


2x + 3y — 6 by aj4-5y. 
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30. 3a» + 2y*by 8a»-4y«. 

31. m4- n -f 1 by m — n + 1. 

32. 5 a; + 4 by 5 a;- 9. 

33. 3ic^-"ifhy 3x^-^7 yK 

34. a^+Sa^b-^-Sab^ + b^hy a + b. 

35. ^a^-12xy-{-9y^hj2x — 3y, 

36. m* + m^n 4- m^n^ 4- mn* + n* by m — n. 

FBOBIiEMS. 

57. 1 . If from three times a number 4 is subtracted and 
the remainder is multiplied by 6, the result is 12. What 
is the number ? 

2. If from two times a number 4 is subtracted and the 
remainder is multiplied by 3, the result equals two times 
the sum of that number and 2. What is the number? 

3. A father is four times as old as his son, and 5 years 
ago he was seven times as old as his son. What is the age 
of each ? 

4. Samuel and John together have 40 cents. If John 
had 5 cents less, and Samuel 5 cents more, Samuel would 
have three times as much money as John. How many cents 
has each ? 

5. A commenced business with three times as much 
capital as B. During the first year A lost ^ of his money, 
and B gained $500. The amount of A's and B's mftiey 
was then equal. How much had each at first ? 

6. A is 50 years of age ; B is 10. When will A be three 
times as old as B ? 

7. Six men hired a boat, but 2 of them being unable to 
pay their share, the other 4 were obliged to pay 1 dollar 
more each. For how much did they hire the boat ? 
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8. Three times the difference between a certain number 
and 10 equals two times the sum of the number and 10. 
What is the number ? 

9. Express the product of the factors 2, x, y, z, a^, y, 4 2. 

10. What will d quarts of milk cost at /cents per quart? 

11. How far will a man travel in a hours if he goes 
6+6 miles per hour? 

12. A farmer has a cows and three times as many sheep 
less 8. How many animals does he own ? 

13. A man sold .20 acres of land at a dollars per acre. 
With a part of the money he bought 3 horses at d dollars 
each. How much money had he left ? 

14. If a men can do some work in 12 days, how long will 
it take one man to do the same work ? 

16. A starts in business with b dollars; B starts with 
c dollars. In one year A gains as much more, while B 
gains ^ as much more. How much has each at the end of 
the year ? 

16. What will 10 bushels of potatoes cost at 2 m cents 
per bushel ? 

17. A man earns $ 2 per day and pays $ a per week for 
his board. How much money will he have at the end of 
h weeks ? 

18. An (engine pumps 150 gallons of water into a tank 
each day ; 10 c g«illons are drawn off. How much water will 
remain in the tank at the end of 4 days ? 

19. The daily wages of a mechanic are a dollars. How 
much will the wages of 10 mechanics for c days be ? 
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SPECIAL CASES IN MULTIPLICATION. 
58. The square of the sum of two quantities. 



a -h h 
a*-f ab 



m + 



n 



m*+ mn 



mn + n^ 



m^-{-2 mn -h n^ 



1. How is the first term of the second power, or square, 
of the quantities obtained from the quantities? How is 
the second term obtained ? The third term ? 

2. What signs have the terms ? 

59. Principle. The square of the sum of two qiuzntities 
is equal to the square of the first quantity, plus twice the pro- 
duct of the first and second, plus the square of the second. 



Write out the products or 



1. 


{x-^y){x + y). 


2. 


(6+c)(«/ + c). 


3. 


(m4-2)(m + 2). 


4. 


(a +x){a + aj). 


6. 


(aj + 3)(aj + 3). 


6. 


(y + l)(2/ + l). 


7. 


{2x^y){2x + yy 


8. 


{m + 2n){m -h2n). 


9. 


(3a-h&)(3a + 6). 


10. 


{2x + 3y)(2x + Zy). 


11. 


(a + 46)(a + 46). 


12. ( 


{2m+2n){2m^2n). 



powers of the following : 

13. Square 2 a? + 5. 

14. Square 3m + 1. 

15. Square 2a + 5 6. 

16. Square a^ + h\ 

17. Square aj^ + 3. 

18. Square 2 m^ + 3 n\ 

19. Square ab + 2c, 

20. Square 2xy+z. 

21. Square y^ -h 4 2^. 

22. Square a^+ 8. 

23. Square 5 a -h 7 6. 

24. Square 4 a* + 3 61 
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60. The square of the difference of the two quantities. 



« — y 


c - d 


X- y 


c - d 


7?— xy 


c*- cd 


- xy-^-f 


- cd+d* 


a?--2xy-\-f 


c«_2cd + (P 



1. How is the first term of the second power obtained 
from the terms of the quantity squared ? How is the second 
term obtained ? The third term ? 

2. What signs connect the terms of the power ? 



61. Principle. The square of the difference of two quan- 
tities is equxjtl to the square of the first quantity y minus twice 
the product of the first and second, plus the square of the 
second. 



Write out the products or 



1. 1 


[a — x){a — x). 


2. 1 


[b-c){b-c). 


3. < 


[m — n)(m — n). 


4. 1 


[a; -2) (a; -2). 


5. 1 


[2/-«)(y-«)- 


6. 1 


(a-36)(a-36). 


7. ( 


(6-2c)(6-2c). 


8. 1 


{2x^2y){2x--2y). 


9. 


(6_5)(6-5). 


10. 1 


(y-l)(y-.l). 


11. 


(a6-2)(a6-2). 


12. 


(a? -4) (a; -4). 



powers of the following : 

13. Square 2a — 3 b, 

14. Square m — 2 n. 

15. Square 2 6 — 4 d 

16. Square a^ — 2 b\ 

17. Square be — a^. 

18. Square 2 a^ — 5 y^. 

19. Square 2 a — c. 

20. Square 3m^ — l. 

21 . Square 3 mn — 4. 

22. Square y^ — 6. 

23. Square 4 a^ — 5 yl 

24. Square a& — 2 c*. 
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62. The product of the Bom and difference of two qnantitieB. 



a? — y 

X -{- y 

xy 



-f 



c -\- d 
c -^ d 

(^-\-cd 
— cd 



-(P 



x" - 



y 



i? -(p 



1. How are tlie terms of the product of the sum and 
difference of two quantities obtained from the quantities ? 

2. What sign connects the terms ? 



63. Principle. The product of the sum aind difference 
of two quantities is equal to the difference of their squares. 

Write the products of the following : 



1. 


{a + h){a — h). 


13. 


(6 + 2c)(6-2c). 


2. 


(m + n){m — n). 


14. 


(3a; + 8y)(3aj-8y). 


3. 


{a + x){a — x). 


15. 


(a; -f- 10) (a; -10). 


4. 


(2a + 6)(2a-6). 


16. 


(6c-f-e/)(6c-e/). 


5. 


(2x + y){2x^y), 


17. ( 


;3aj«+22/2)(3aj«-23/«). 


6. 


(a + 4) (a -4). 


18. 1 


(5a + 3a;) (5 a — 3a;). 


7. 


(2m+3n)(2m-3n). 


19. 


{a^^'W){a^-V). 


8. 


(2^ + l)(2/-l). 


20. 


(mn + 4) (mw — 4) . 


9. 


(a? + 5) (a? -5). 


21. ( 


[X^^){X-'^). 


10. 


(2 + 2^) (2 -2^). 


22. 


(4y+ 72;) (4^-72). 


11. 


(a6 + 3c)(a^-3c). 


23. 


(3a; + 42^)(3aj-4y> 


12. 


{2m-\-2n)(2m-2n), 


24. 


(2a6+5c)(2a6-6c). 
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64. The product of two binomials. 



X -f-3 

X +5 


X -f.3 
X —5 


a:-3 
a? —5 




ar»-3a; 
— 5a; -f- 15 


aj2 + 8aj + 15 


aj2-2a;-15 


aj2-8a; + 15 



1. How is the first term of each product obtained from 
the factors? 

2. How is the second term of the product in the first 
example obtained from the factors ? The second term in the 
second example ? The second term in the third example ? 

3. How is the third term of the product in each example 
obtained from the factors ? 

4. How are the signs determined which connect the 
terms? 

65. Principle. The product of two binomial quantities 
having a common term is equal to the square of the common 
temif the algebraic sum of the other two multiplied by the 
common term, and the algebraic product of tJie unlike terms. 



Write the products of the following : 



1. 


(a? + 3) (a; + 4). 


8. 


(a; -4) (a? + 8). 


2. 


(a;-l)(a; + 5). 


9. 


(a; + 9) (a; + 3). 


3. 


(a.-_2)(a;-3). 


10. 


(a; -12) (a; + 6). 


4. 


(aj + 6)(a;-7). 


11. 


(a:_5)(aj-7). 


5. 


(a; + 5) (a; -f. 10). 


12. 


(a; 4- 14) (a; -4). 


6. 


(a; -13) (a; + 3). 


13. 


(a;-l)(a;-f-8). 


7. 


{x + 20){x + 5). 


14. 


{x - 5) (a; - 4). 
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16. (a; + ll)(aJ-2). 20. {x + 9)(x + 12). 

16. (a;-25)(«-4). 21. (a- 10)(aj + 12). 

17. (a;-f-5)(a;-f 15). 22. («-2y)(a; + 4y). 

18. (a;-6)(«-3). 23. («-a)(aj — 7a). 

19. («-f-6)(«-3). 24. (aj + 6y)(a; + 10y). 

SIMULTANEOUS EQUATIONS. 

66. 1. If the sum of t^o numbers is 8, what are the 
numbers ? How many answers may be given to the ques- 
tion? 

2. Let X and y stand for the two numbers; then, in the 
equation a? -f y = 8, how many values has x ? How many 
has y? How many values has each unknown quantity in 
such an equation ? 

3. In the equation x-{-y = 20, what is the value of y, if 
x = S? Ifaj = 6? Ifa; = 4? Ifa; = 12? Ifaj = 10? 

4. If the equations x + y = 6 and a? — 2^ = 2 are added 
together (Ax. 2), what is the resulting equation? What 
is the value of x in these equations ? 01 y? 

67. Equations in which the same unknown quantity has 
the same value are called Simultaneous Equations. 

68. The process of deducing from simultaneous equations 
other equations containing a less number of unknown quan- 
tities than is found in the given equations, is called Elimina- 
tion. 

69. Elimination by addition or subtraction. 

1. If the equations a? + 3 y = 9 and x — 3y = S are added^ 
what is the resulting equation ? What quantity is elimi- 
nated by the addition ? 
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2. How may the equations 2 « — 4 y = 4 and a? + 4 y = 8 
be combined so as to eliminate y ? 

3. How may the equations 3 x -f- 4 y = 18 and 3 « + y = 9 
be combined so as to eliminate x? 

4. When may a quantity be eliminated by addition? 
When by subtraction ? 

5. If a;-f 3y = 5 and 2a5-f-3y=7, how may the value 
of 05 be found ? 

6. If 3a5 — y = 5 and 2x-\-y = 5, how may the value of 
X be found ? 

70. Principle. Quantities may be elimiiiated by addition 
or subtraction when they Jiave the same coefficients. 

71. 1. Find the value of x and y in the equations a? -f- 3 y 
= lland2ar-4y = 2. 

Q ^^ .^. Explanation. Since the quantities 

* y V / have not the same coefficients, we must 

2a/ — 4y = 2 (2) multiply the equations by such numbers 

7 TJTo MM fc%\ *s "^11^ make the coefficients alike. If 

■" 2^ "~ V -^ we wish to eliminate y, we must multiply 

6aj— 12y = 6 (4) (l) by 4 and (2) by 3 (Ax. 4). We may 

TT „^ p,. now eliminate y from equations (8) and 

lU aj — &U (p) ^4^ ^y addition. From the resulting 

05 = 5 (6) equation, 10 x = 60, the value of x is 

f' .o 11 /T-x obtained by dividing each member by 10, 

o + t5y = 11 (7) the coefficient of X. 

3 y = 6 (8) By substituting the value of x in equa- 

^ -_ 2 (9) tion (1), equation (7) is obtained, and the 

value of y is found to be 2. 

Rule. If necessary, multiply one or both equations by su^h 
a quantity as will cause one unknown quantity to have the same 
coefficient in eajch equation. 

When the signs of the equal coefficients are alike ^ subtract 
one equation from another; when the signs are unlike, add the 
eqiuUions. 
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Find the values of the unknown quantities in the 
following equations : 

f x+ y= 6| i5x-3y= 4| 

1 X- y= 2) ' Ua! + 3y = 163 

( x-2y= 4) j9a! + 4y= 31| 

t x + 3y = n-i (2y+ « = 26| 

t2a!-2y= 2> ' t2y + 2« = 28> 

f «+ y= 41 r2y + 3s = 23| 

U*- y= li l3y-2z= 2) 

*■ i2a! + 2y = 20> ^*" (3!r+ z = 18) 

r2x- y= 3) „ f a> + 2j, = 30| 

(3a! + 5« = 50) '■2X+ y = 18) 



8 



9 



10 



( a! + 2y = 23| f3x- y= 30l 

• X3x+ y=34) ■ I a;-3y = -30i 

(4:X + 2y = U^ (2x + 3y = U-\ 

' \9x- y= 4) l3a; + 2y = 16l 

f4a5-7y = 17| (lOy- 2 = 17| 

• I a!+ y= 7j U4y-32=.3> 

^2x- 6y= 61 r6x+2y=6| 

t5a!-122/ = 16) Ua!+3y=2; 

r x+ y = 18) f6a;-3y = 12) 

*^- l7a!-2y= 9) ^' iBx- y = 13f 

f2x + 6y = 62» (5x — 3y = 27\ 

"• l6a;-5y= 2) '^^^ l3a;-2y = 16> 
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PROBLEMS. 

72. 1. Tlie sum of two numbers is 10, and their differ- 
ence is 2. What are the numbers ? 

2. The sum of two numbers is 14, and the greater plus 
two times the less is 20. What are the numbers ? 

3. A and B together have $ 300. Three times B's money 
added to five times A's gives $ 1100. How much money 
has each ? 

4. The sum of the ages of a father and son is 50 years. 
The difference between the father's age and two times the 
son's is 20 years. What is the age of each ? 

5. A boy has 25 marbles in two pockets. Twice the 
number in one pocket equals three times the number in the 
other. How many marbles has he in each pocket ? 

6. A farmer paid $3400 for 100 acres of land. For 
part of it he paid $ 30 per acre, and for part of it $ 40 per 
acre. How many acres were bought at each price ? 

7. A boy spent 35 cents for oranges and pears, buying 
in all 13 oranges and pears. He paid 3 cents apiece for the 
oranges and 2 cents apiece for the pears. How many of 
each kind did he buy ? 

8. Two men start in business with $5000 capital. 
Twice the amount B furnishes taken from twice the amount 
A furnishes will leave the amount B furnishes. What 
capital does each furnish ? 

9. There are two numbers such that five times the 
first minus three times the second equals 4, and two times 
the first plus the second equals 17. What are the numbers ? 

10. A farmer sold 5 horses and 7 cows to one person 
for $ 745. To another person at the same price per head 
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he sold 3 horses and 10 cows for $650. What was the 
price per head of each ? 

11. A man and wife working for 6 days received $ 15. 
Again, the man worked for 4 days and the wife 5 days, and 
they received $ 11. What were the daily wages of each ? 

12. The sum of two numbers is 26. The first minus 
twice the second is 8. What are the numbers ? 

13. A purse contained f 30 in one and two dollar bills. 
If the whole number of bills was 18, how many bills were 
there of each kind ? 

14. A merchant sold 2 yards of velvet and 4 yards of 
broadcloth for $ 16. Again he sold 3 yards of velvet and 
5 yards of broadcloth for $ 21. What was the price of each 
per yard ? 

15. If A gives B $ 5 of his money, B will have twice as 
much money as A has left; but if B gives A $5 of his 
money, A will have three times as much as B has left. How 
much money has each ? 

16. A boy who desired to purchase some writing pads 
and some pencils found that 2 pads and 7 pencils would 
cost him 31 cents, and that 3 pads and 4 pencils would cost 
27 cents. What was the price of each ? 

17. The wages of 10 men and 8 boys per day were $28, 
and the wages of 7 men and 10 boys at the same rate were 
$ 24. What were the daily wages of each ? 

18. A man received at one time f 17 for sawing 8 cords 
of wood and splitting 10 cords, and at another time $ 13.50 
for sawing 5 cords of wood and splitting 12 cords at the 
same rates as on the former occasion. What did he receive 
per cord for the sawing and for the splitting ? 
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73. 1. Since +5 multiplied by +4 is -f-20, if f 20 If. 
divided by + 5, what is the sign of the quotient? 

2. What, then, is the sign of the quotient when a posi- 
tive quantity is divided by a positive quantity ? 

3. Since +5 multiplied by —4 is —20, if —20 is 
divided by + 5, what is the sign of the quotient ? 

4. What, then, is the sign of the quotient when a nega- 
tive quantity is divided by a positive quantity ? 

5. Since —5 multiplied by -f-4 is —20, if —20 is 
divided by — 5, what is the sign of the quotient ? 

6. What, then, is the sign of the quotient when a nega- 
tive quantity is divided by a negative quantity ? 

7. Since -5 multiplied by -4 is +20, if +20 is 
divided by — 5, what is the sign of the quotient ? 

8. What, then, is the sign of the quotient when a posi- 
tive quantity is divided by a negative quantity ? 

9. What is the sign of the quotient when the dividend 
and the divisor have like signs ? What, when they have 
unlike signs ? 

10 . How many times is 6 a contained in 12 a ? 8 y in 24 y ? 

11. How, then, is the coefficient of the quotient found? 

68 
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12. Since a?* x a^ = aj", if aJ* is divided by a^, what is the 
quotient ? What, when afi^s divided by a^ ? 

13. Since (r^xa^ = a^, what is the quotient if a* is 
divided by a'? What, if a* is divided by a* ? 

14. How, then, is the exponent of a quantity in the 
quotient found ? 

74. Division is indicated in two ways : 

1. By the sign -^, read divided by. 
Thus, a-i-b shows that a is to be divided by 5. 

2. By writing the dividend above the divisor with a line 
between them. 

Thus, - shows that a is to be divided by b. 
b 

75. Principles. 1. The sign of any term of the quotient 
is -h when the dividend and divisor have like signs, and — 
when they have unlike signs. 

2. The coefficient of the quotient is equal to the coefficient of 
the dividend divided by that of the divisor. 

3. 2%e exponent of any quantity in the quotient is equal to 
its exponent in the dividend diminished by its exponent in tJie 
divisor. 

76. The principle relating to the signs in division may be 
illustrated as follows : 



-\-ax-\-b = + ab 

— ax-f-6 = — a6 
-f-ax — 6 = — a6 

— a X — 6 = + a5, 



>. 



Hence < 



-\-ab-^-\-b = -\-a 

— a6-^ + 6 = — a 

— a6-* — 6 = + a 
^-{-ab-i — 6 = — a 
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77. To divide when the divisor is a monomial. 
1. Divide lA:X^y7^ by — IxyZg* 

PROCESS. Explanation. Since the dividend and divisor 



— Ixyz 



^ - o « have unlike signs, the sign of the quotient is — 



(Prin. 1.) 



— 2 a»2 Tj^en 14 divided by - 7 is - 2 ; x2 divided by 

« is X (Prin. 8) ; y divided by y is 1, which need 
not appear in the quotient ; ^ divided by z is z^. Therefore the quo- 
tient is — 2 xz"^, 

2. Divide 4 aa^y* — 12 a?oi?y^ — 20 a^xi^z by 2 axy. 

PROCESS. 



2axy 



4 ga^y^ — 12 a^Qi?y^ — 20 a^x}fz 



2 x^y^ — 6 axy — 10 ayh 



Explanation. When there are several terms in the dividend, each 
term must be divided separately. 

Rule. Divide each term of the dividend by the divisor as 
follows : 

Divide the coefficient of the dividend by the coeffi^dent of the 
divisor. To this quotient annex each literal factor of that 
term of the dividend with an exponent equal to the exponent of 
that letter in the dividend minus its exponent in the divisor. 

Write the sign + before each term of the quotient when the 
terms of both dividend and divisor have like signs, and — 
when they have unlike signs. 

3. 4. 5. 6. 7. 8. 

Divide 10 a 16 a? -14a6 15 xy^ -20aV - 18 m^n 
By ^ 5a 2x 1 ab —3 xy — 4:ab 6m 

Find the quotients in the following : 

9. SO a^ba? -i- 15 ax. 11. 21 aa^y -^ — 7 ay. 

10. - 24 aj^y V -*- 8 ar'zl 12. - 9 a6c* -*- - 3 a6c. 

MILNB*S EL. OF ALO. — 6* 
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13. 30nV-h6n". 18. - 56 a6c*d -f- 11 a&c. 

14. - 12 ary -h 12 ajy. 19. 27 arV -5- - 9 afe. 

16. -20iBy-h-10y«. 20. -120m»n-j--15mn. 

16. - 100 aV -*- 25 ojyz. 21. 325 ar'y*^* -s- 5 iryV. 

17. 80aY + 20ay. 22. - 65 a»2* ^ - 13 aft*. 

Divide : 

23. a^xy — 2 axy^ by ay. 

24. 9 aj'j/* + 15 ajyft* by 3 aj^. 

25. 14 a^b\ -h 49 a^hc by 7 a6c. 

26. —xs^ — Sxz +aj*2* by — a;2. 

27. 4 c*d - 14 ccP by 2cd 

28. — 5 a^y + 10 aj^y* — 15 a^ by 5 ajy. 

29. 16 mV — 12 m^n — 8 mn^ by 4 mn. 

30. 15 aoc^ — 25 6a:^ + 35 cxy^ by — 5 a?. 

31. 9 a^z — 36 a:yV + 45 aocyz"^ by 9 xyz, 

32. 42ar»-14ar^ + 28a;-f-35by 7. 

33. - 45 aVc" - 60 aftc^ + 30 a6V by - 15 a^. 

34. 116 m* + 80 m^- 112m* -92m by 4m. 

35. 3 ar^yz* _ 15 aj5y2^ _^ 6 aj4yjg8 _|. 13 ^ySjj ^y _ 3 ^ 

36. 3aj3-6aj* + 9a;'-12a^by3a:*. 

37. S0xy + 60i3ff'y^''4:5xy' + 75xhjl5x, 

38. 24 abx - 16 a6y + 32 a^ba^ - 8 a6 by 8 a6. 

39. —afy — x^yz + a;y*« — a^yV + aiy^ar' by — xy, 

40. 50 aj^ya;^ + 35 x^yh — 15 aar^ys^ — 20 6a:y V by 5 a^. 

41 . 2 nVy* — 3 na^2^ — 4 mna^y^ + 3 n Vy* by wa^y*. 

42. a(aj + yY -ab{x + yy + a262(aj + yy by a(aj -f- y/. 
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78. To divide when the divisor is a pol3nioinial. 
1. Divide a3-3a26-h3a62-6»bya-6. 

PROCESS. 



a8_3a% + 3a62-68 


a — b 


a' — a^b 


a2_2a6-|-6^ 


- 2 a% -f- 3 aV 




-2a26 + 2a62 


ab^-^ 


ab^-'V' 





Explanation. The divisor is written at the right of the dividend, 
and the quotient below the divisor. The first term of the divisor is 
contained in the first term of the dividend a^ times. Therefore a^ is 
the first term of the quotient, a^ times the divisor, a — 6, is a' — a^b, 
and this subtracted from the partial dividend leaves a remainder of 
— 2 a^b, to which the next term of the dividend is annexed for a new 
dividend. 

The first term of the divisor is contained in the first term of the new 
dividend —2ab times, consequently — 2 a5 is the second term of the 
quotient. —2ab times the divisor, a — 6, is — 2 a^ft -I- 2 a6^, and this 
subtracted from the second partial dividend leaves a remainder of a5^, 
to whieh the next term of the dividend is annexed for a new dividend. 

The first term of the divisor is contained in the first term of the 
new dividend 6^ times, hence 6^ is the third term of the quotient. 
62 times a — b, is ab'^ — b^, which subtracted from the third partial 
dividend leaves no remainder. Hence the quotient is a^ — 2 a6 + bK 

Rule. Write the divisor at the right of the dividend, 
arranging the terms of each according to the ascending or 
descending powers of one of the literal qimntities. 

Divide the first term of the dividend by the first term of the 
divisor, and write the result for the first term of the quotient 

Multiply the divisor by this term of the quotient, subtract 
the product from the dividend, and to the remainder annex 
one or more terms for a new dividend. 

Divide the new dividend as before, and continue to divide 
until there is no remainder, or until the first term of the divisor 
is not contained in the first term of the dividend. 
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If there is a remainder after the last division, write it oyer the 
divisor in the form of a fraction, and annex it with its proper sign to 
the part of the quotient previously obtained. 



15x2- %xy 

- 18 xy 
-18gy 



2. 

12 y2 

12 y2 
12?/2 



3a; + 2y 
5x-6y 



8c2 
8c2 



3. 

26cd+15d2 + 8 

20 cd 



-6cd+ 16d^ 
-6c(i +15d2 



2c-5(2 



4c-3(2 + 



8 



+ 8 



2c-6d 



Divide : 



a2 + a6 — ac — 6c 
a2 + a6 



a + 6 



a — c 



— ac — 6c 


— ac — 6c 


5. 


JB8-2/3 


«-y 


7? — x'^y 


«2 + xy + 2/2 


x'^ . 


-2/8 


X^ - Xl/2 


ay2_y8 




a:2/2- 


.yS 



6. a^ + 2xy-{-y^hyx-{-y. 

7. m^ — n^bym — n. 

8. a^ + Sa^y + 3xy' + fhyx-\-y. 

9. ar^ — 3aj — 18by « — 6. 

10. ar* + 8aj + 15by a;-|-3. 

11. a2-10a6-2462bya4-26. 
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12. a^ — 4a; + 4by a; — 2. 

13. aj*— 49 by or' + 7. 

14. a«-.16by a«-.4. 

15. 10aj2 + 14aj-12by 2aj + 4. 

16. 2a^-ar^ + 3aj-9by 2a;-3. 

17. 16a2-24a6 + 962by4a-36. 

18. a^ + b^hj a-\' h, 

19. a»-8byaj-2. 

21. a^-5aj2-aj + 14byar^-3aj-7. 

22. a^- 86a; -140 by a? -10. 

23. 6a»-f-4y* + 6a;/-16a22^by 3a2-2/2-2ajy. 

24. 18aj-l-17a2by 1-aj. 

25. a* + 4a2ar^ + 16a^by a2 + 2aa; + 4aj2. 

26. 27a;» + 82/^by3aj + 22^. 

27. 4a;^-a;8 + 4ajby 2 + 2ar* + 3a?. 

28. a* — 9 a^ — 6 a;y — 2/^ by a^ + 3 a; + y. 

29. 36 + «*-13ar^by 6 + a;^ + 5aj. 

30. 1 — a;— 3ar* — a^'by l + 2aj + ar'. 

PROBLEMS. 

79. 1. Express the sum of x and y divided by 2. 

2. If a? oranges are worth 10 cents, how much is one 
orange worth ? 

3. How many apples at 2 cents apiece, can be bought for 
m cents ? 

4. Express the quotient of b divided by a. 

5. If 5 bananas cost c cents, what will 2 bananas cost ? 
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6. How many days will it take a man to earn $ 15^ if he 
receives a dollars a day ? 

7. A farmer has a cows, ^ as many horses, and three 
times as many sheep as horses. How many animals has he 
altogether ? 

8. Henry and James together had d marbles; Henry 
had c times as many as James. What represents the num- 
ber that each had ? 

9. What is the cost per barrel, if b barrels of flour cost 
the sum of m and n dollars ? 

10. A, B, and C start in business. A furnishes 2a 
dollars, which is c times as much as B furnishes; and C 
furnishes b times as much as B. How much do B and C 
furnish ? 

11. A grocer mixed together equal quantities of three 
kinds of coffee, worth a cents, b cents, and c cents per 
pound. What is the cost of one pound of the mixture ? 

GENERAL REVIEW EXERCISES. 

80. 1. Add 6(aj + y) + 32f-8, 2(aj + y)- 221 + 4, Sz 
-3(aj + y). 

2. Add a*+62^4a6, 5a^-5b^-5ab, -3a*+262-4a6. 

3. Add ia + iy + 2, a + |y + i2, ia + y + |2J. 

4. Add 2a^— 5ajy*+6, 3a^'»+4y*— Saf*, eaj*— lO+Ticy*. 

5. Add f(wi — n) + ^(m + n), f (m — n) — |(m + n), 

6. From 9aj + 9aj2 — Sar* subtract 2a; — 2a*— 12aj». 

7. From fa — ^6 + ^c subtract ^^ + ^6 — fc. 

8. From Sacry — Ta^f-^'Warz'' subtract 2a^-Sary 
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9. From 3(aj+y)*--22;2^3 subtract 2s?—a?+4:{x+yy. 

10. From 3a' — 2a*aj — 7 subtract 7 + 3a* — a^ + 2m. 

11. Multiply m* — m' + m' — m + 1 by m + 1. 

12. Multiply a + b-\'C-\'e by a + b + c + e. 

13. Multiply iB* + 2«^ + 4a^3r* + 8aJ2/« + ley by a; -2y. 

14. Find the product of a? — 10, x + 4, and x + 6. 

15. Find the product of a — 6, a + 6, and a* — V. 

16. Find the product of 2a^5y 2a — 5, 2a — 5^ and 
2a + 5. 

17. Divide 4a*- 5a262 + 6* by 2a«-3a6 + 6". 

18. Divide a* + 1 by a + 1. 

19. Divide m^ — €^'\- 2cz — «" by m + c--z. 

20. Divide l-aj-3a^-a* by l + 2aj + aj". 

21. Divide 6a?* -96 by 3aj-6. 

Find the value of as in the following : 

22. 10a; — 3aj + 4 = a;-f 10-2aj + 8 + aj. 

23. 6aj-13-9aj + aj=4aj-12 + 3aj-6aj-ia 

24. 6(aj + l) + 6(a; + 2)=6(a? + 7). 

25. 3(aj + l) + 4(aj + 2) = 6(aj + 3). 

26. ^aj-4 + fa;= 164-iaj-lO. 

27. a?(aj + 6) — 6 = a;(a; — l) + 12. 

Find the values of x and y in the following: 

c3x-7y = 13^ f8*ll5y = 19| 

(4a! + 2y=40) " \2x+ y = 19) 

<3x-3y 61 (ix+ 2y = 24| 

^- X7y-3x= 22) ^^^ XSx- y= 8i 
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32. A man being asked how much money he had, replied 
that $ 26 more than three times what he had would equal 
$ 776. How much money had he ? 

33. A man drove 165 miles in three days. On the second 
day he drove 15 miles farther than on the first, and on the 
third day he drove 20 miles farther than on the first. How 
far did he drive each day ? 

34. A and B start from two towns 231 miles apart and 
travel toward each other. A goes 15 miles per day, and B 
goes 18 miles per day. In how many days will they meet ? 

35. A man worked 20 days during a certain month. A 
part of the time he received $ 1 per day, and part of the 
time $ 1^ per day. If he received $ 25 for his wages, how 
many days did he work at $ 1, how many at $ 1^ per day ? 

36. David and his father earned $ 100 during a certain 
month. David earned $ 10 more than ^ as much as his 
father. How much did each earn ? 

37. A man bought an overcoat, a suit of clothes, and a 
pair of boots. The overcoat and the suit of clothes cost 
$ 55 ; the overcoat and the boots cost f 30 ; and the suit of 
clothes and the boots cost $35. What was the cost of 
each? 

38. A and B each own half of a flock of 120 sheep. In 
settling the partnership, A takes 45 sheep, B takes 75 sheep 
and gives A f 45 to make the division equal. What is the 
value of one sheep ? 

39. A merchant has one quality of sugar worth 5 cents 
and another worth 8 cents a pound. He wishes to make a 
mixture of 100 pounds worth 7 cents a pound. How many 
pounds of each quality must he take ? 
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81. The quantities which, when i6ultiplied together, pro- 
duce a quantity, are called Factors of the quantity. 

Thus, a, 6, and (x + y) are the factors of ab(x + y). 
a, b, and (x + y) are called the pnme factors of a6(x + y), because 
they have no factors besides themselves and 1. 

82. A factor of a quantity is an Exact Divisor of it. 

83. The process of separating a quantity into its factors 
is called Factoring. 

84. To factor a polynomial when all the terms have a com- 
mon factor. 

1. What are the factors of 4 a^m - 6 am^x + 10 a^mV ? 



PROCESS. 



2 am 



4 a^m — 6 am^x -f 10 a^mV 



2 a — 3 mx -f 5 amx^ 



Explanation. By examining the terms of a polynomial, we find 
that 2 am is the highest factor common to all the terms. Dividing by 
2 am, we obtain the other factor. Hence, the two factors are 2 am 
and 2 a — 3 mx + 6 amx^. 

The same result may be secured by separating the terms of the 
polynomial into their prime factors and then selecting the common 
factors. 

Rule. Divide the polynomial by the highest factor or divisor 

common to all the terms. The divisor and quotient will be the 

factors sought. 

78 
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Find the factors of the following polynomials : 

2. lSa^-27xy, 12. 20 m^ - 50 m* + 30 m*. 

3. 15 a^f -{- 20 ix^y. 13. xy^ -{- 9 ixFf + 27 aiy. 

4. 12mV — 48mn^ 14. 6 am* + 10 mn + 15 mn^ 

5. 5a6c-5ac* + 15a5*c. 15. 45 ajy2 + 60 o^j^zl 

6. 6a» + 4ajy-8a:8. 16. 39 a^ - 65 a^y + 91 a^f. 

7. 9 arV' - 6 a:^ + 12 aj^t/sf. 17. 32 a»6« + 96 a^ft^ _ 8 a%^ 

8. 6a^6 + 21a-6-18a'6l 18. 25 an + 75 am* — 15 an*. 

9. 3a26-a6c-a6d 19. 15 aar» - 35 icV - 55 ftaj'. 

10. ea'b'-{-36a'b''-42d'b\ 20. 456V + 60iBV-30a^. 

11. 15aV+20aV-25a«6*. 21. 72 ay -36 ay -108 ay. 

85. To factor a polynomial when some of the terms have a 
common factor. 

1. Factor 3a^+ 3a:2; + ay + 02. 

Solution. S xy -\- S xz -{^ ay + az 

= 3a;(y + 2f)+ a(y + z) 
= (3x + a)(y + «) 

Factor the following : 

2. ax -{- by -{- bx -\- ay, 10. 2 a^ — a^ + 4 a — 2. 

3. a6 + 26+3a + 6. 11. ax — ab — bx + bK 

4. 9 + 3x + 3y4-a?y. 12. a^-{-a^ + ax-\'a, 

6. ax-^- ay—bx — by. 13. aa^ + ay^ — 6a^ — 6^. 

6. xy-\-6 — bxy — 6b. 14. 1 + a* — a^ — a*. 

7. f-f^-y-l, 15. l-aj-a^ + aj8. 

8. a^ -\- a^y — xy^ — y^. 16. x^y — a^z — xy^ -{- xyz. 

9. a^f + ba^-bY-I^. 17. a + ay + a^T^ + ay*. 
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86. To separate a trinomial into two equal factors. 

(m -{- n) (m + n) =m^ -\' 2 mn + n^. 
(m — n) (m — n) = m* — 2 mn + nK 

1. What is the product of {m + n) (m -{- n) ? "What, 
then, are the factors of m^ + 2mn'\-n^? How are the 
terms of the factors found from the trinomial ? 

2. What is the product of (m — n)(m — n) ? What, 
then, are the factors of m^ — 2 mn + n^ ? How are the 
terms of the factors found from the trinomial ? 

3. What term of the trinomial determines the sign which 
connects the terms of the binomial factors ? 

87. One of the two equal factors of a quantity is called 
its square root. 

Rule. Find the square roots of the terms that are squares 
and connect these roots by the sign of the other term. The 
result will he one of the equal foLctors. 

The other term must always be twice the product of the square 
roots of the terms that are squares. 

Find the equal factors of the following trinomials : 

1. i»*+2ajyH-y* 9. 4x^ -{-Sxy -{-A^yK 

2. a:f^ + 4:X + 4:. 10. ocf^ — 10 x-^- 25. 

3. 4a2-4a6 + 62 ^^ 1 + 22J + 2jI 

4. 9m2+6mn + n*. 12. a* -{• 4: a^h^ -{- 4:b\ 

5. a^ - 4:xy + 4:y\ 13. a^-6xz-\'9z^ 

6. y2 + 22^ + 1. 14. aj2 + 20a; + 100. 

7. a26*-8a6-M6. 15. m^ + Smn + lGnl 

8. 4n*-20n + 25. 16. 9a^-18a^ + 9y*. 
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17. 9-|-6a2 + a*. 23. a* -{-ISa- -^Sl. 

18. 4a'x'-4a^b^x-\'b\ 24. 100 o^ - 20 x + 1. 

19 . a^m^ — 8 amn + 16 nl 26 . m V -f 4 mn -|- 4. 

20. 25a^ + S0a^'\-U. 26. rc^n^ 2afy'» + y2n. 

21. a* + 4a2aj2 + 4a;*. 27. 16 4-16m2 + 4m*. 

22. 46V-126cd + 9d2. 28. 1 - 8 aJ- + 16 x^m^ 

88. To resolve a binomial into two binomial factors. 

1. What is the product of (a -\-b)(a — b) ? What, then, 
are the factors of a^ —b^? How do these two factors 
differ? 

2. What is the product of {x + 3) (a; - 3)? What, then, 
are the factors of «^ — 9 ? 

Rule. Find the square root of each term of the binomial and 
make the sum of these square roots one fo/ctor and their dif- 
ference the other. 

A binomial cannot be factored by the above rule unless the second 
term is negative and the indices of the powers are even numbers. 

Sometimes the factors of such a quantity may themselves be re- 
solved into factors. 

Thus, X* - y* = (a;2 + 2/2) (a;2 _ y2) • 

= (x2 + y2)(a; + y)(x-y). 

Factor the following : 

1. a^-2/2 6. »2_25. 

2. a;'-4. 7. 121 aj^- 100 2^1 

3. a2-962. 8. 16a2-95l 

4. m^-l. 9. a;* -144. 

5. a^b^-c^. 10. 1-z^. 
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11. «* — 2^. 21. m* — 625. 

12. ix^-ie. 22. 225x'--100yK 

» 

13. 9a^-36. 23. 16y*-256. 

14. 4ic2_25. 24. aV-9d2. 

15. a* -81. 25. i»2-121. 

16. m^n^-U^. 26. c^d^-l. 

17. 4a2-1662. 27. 25m2- 225/11 

18. a;* — 625. , 28. aj« - 1. 

19. 9a:2_gj[^ 29. x^ - y^, 

20. 25a262-49c*d*. 30. a;*" -169. 

89. To factor a quadratic trinomial. 

(x + 3) (a; + 2) =aj2 + 5aj + 6. 
(a? + 3) (a? - 2) = ^2 _,_ aj _ 6. 

(aj-3)(aj + 2) = ar^-a;-6. 
(x - 3) (a; - 2) = a:^ _ 5^. ^ e 

■ 1. In the above examples, what terms of the product are 
alike? 

2. How may the first term of each factor be found from 
the product ? How may the second term of each factor be 
found from the product ? 

3. How is the coefficient of the second term in the 
products found from the last terms of the factors ? How, 
then, may the sign of the second term of each factor be 
found from the second term of the product ? 

90. A trinomial in the form, oc^ ±ax±h, in which b is 
the product of two quantities, and a their algebraic sum, 
13 called a Quadratic Trinomial. 
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1. Eesolve a^ — 9 a? + 18 into two factors. 

PBOCESS. 

aj2 _ 9 a; 4. 1 « Explanation. The first term of each factor is 

' evidently x. Since 18 is the product of the other 

18 X 1 two quantities, and — 9 is their sum, we must 

18 = < 9x2 select from the different pairs of factors of 18 those 

6x3 ^^^ whose sum is — 9. Therefore, — 6 and — 3 

Q r Q *"^ ^^^ other terms. Hence, x — 6 and x — 3 are 

— ^ = — G —3 lY^Q factors required. 

(a; - 6) (a; - 3) 

2. Factor a:f^-{'Ax — 21. 

Solution. 21 = 3 x 7, or 21 x 1. 

The factors whose algebraic sum is + 4 are + 7 and — 3. 

. •. (x + 7) and (x — 3) are the factors. 

Factor the following : 

3. a2+6a+8. 17. a^-lOaj-200. 

4. «* + 5a; — 14. 18. a* — 6aaj — 55a^. 

5. a^-6a;-7. 19. ar*-14aj + 40. 

6. m^ — lOm + 9. 20. a^+a^ — 20y*. 

7. b^-\'5b-\'6. 21. m2 + 10m4-24. 

8. n2-n-2. 22. a^ - 4:ab - 21V. 

9. n^ + n — 2, 23. a^ — 14a; + 48. 

10. a^ — 7a; — 18. 24. ar^ + 7a; — 18. 

11. x^-{'Ax-12. 26. c2 + c-420. 

12. a2-5a-24. 26. a^ -{- 11 ab -{- 2SV. 

13. ar^ + 6a; — 36. 27. ar'" — 9a;* + 20. 

14. y^^3yz-{'2z^. 28. 0^-3x^-154:, 

15. m^— 6mn — 16nl 29. m^ + 2m — 255. 

16. a2-|-9aa; + 8a;l 30. ar^ + 12a:* + 36. 
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91. To factor the sum or the difference of two cubes. 

(a8-&')-^(a-6) = a* + a6^- y. 

92. Pbinciple. The sum of the cubes of two qtuintities 
is divisible by the sum of those quantitiesy and the differejice 
of the cubes of two quantities is divisible by the difference of 
those quantities. 

1. Factor a? — aj». 

Solution. a' —"!»:• is divisible by a — as (Prin.) 

(a* - x»)-^ (a - x)= a2 + ox + x^ 

.-. a'-a?=(a-a;)(a2 + ax + x«) 

2. Factor r* + 5*. 

Solution. r^ + «* is divisible by r + « (Prin.) 

(r8 + «»)^(r + «)= r2 - r« + 52 

.-. r8 4. ^ =(r + «)(r2 - r« + ««) 

3. Factor a» - &»c». 

Solution. a' — 6*<^ is divisible by a — 6c 

(a* - 68c8) ^ (a _ he) = a^ + ahc + h^c^ 

.-. a« - 68c8 = (a - 6c) (a^ + ahc + 6V) 

Observe carefully, in the examples solved above, the 
quantities in the quotients and the signs, and you will be 
able to write out the factors. 

Factor the following : 

4. aj» + 3r*. 10. ^^f. 16. a?-fs^. 

5. a» + &^. 11. c«-cP. 17. a« + 6V. 

6. m^ — nK 12. 2/^ + 1. 18. mV + c^cP. 

7. a«-6». 13. a^-1. 19. a^x^-by. 

8. m» + n». 14. a^-c^d\ 20. a^ + l. 

9. ic'-i^. 15. m^ + s^. 21. 2/^-1. 
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EQUATIONS SOLVED BY FACTORING. 

93. 1. Find the value of x in the equation ic^ -f 1 = 5. 

PROCESS. Explanation. Transposing the 

o , ^ __ f. known quantity to the second mem- 

' *^ ber, the first member contains the 

ir = 5 — 1 second power, only, of the unknown 

a;- = 4 quantity. Separating each member 

__.2.9or 2. 2 ^^^ *^^ equal factors, the equation 

becomes ic«a; = 2.2 or — 2'— 2. 
.*. x = ± J Since each member is composed of 

two equal factors, a factor in each 
must be equal. Hence, a = + 2 or — 2 ; or x = ± 2. 

The sign, ± , called the Ambiguous Sign, is a combination 
of the signs of addition and subtraction. 

Thus, a±b indicates that b may be added to or subtracted from a, 

2. Find the value of x in the equation oj^ + 5 = 30 + 11. 

Solution. x^ + 6 = 30 + 11 

x2 = 30 + 11 - 5 
x2 = 36 
x.x=6.6or-6.-6 
. •. X = ± 6 

Find the value of x in the following equations : 

3. 0^-4 = 5. 12. 0^ + 21 = 25, 

4. a^'-9 = 16. 13. a^-\'l = S2. 
6. aj2-25 = 24. 14. a^ + 12 = 48. 

6. «2_i = 3. 15. iB2_16 = 10. 

7. iB2 + 4 = 20. 16. 0^-10 = 90. 

8. 02^5^41, 17. 0^ + 15-8 = 8. 

9. aj2 + 2 = ll. 18. i»2+3-6=5-2+10. 

10. 0^-8 = 8. 19. x'-4ta^ = 21a\ 

11. iB2 + 7 = ll. 20. «2 + 3c2=7c». 
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94. 21. Find the value of x in the equation iB*+4 a?-f 4= 16. 

PROCESS. Explanation. Since 

9 .M .M ^n each member of the equa- 

ar4-4a5-|-4 — lb ^^^^ ^^^ ^^ resolved into 

(05 + 2) (a? + 2) = 4 • 4 or — 4 • — 4 two equal factors, one fac- 
.*. a; + 2 = 4or 4 ^or of the first member 

«^j ^ o ^« a must be equal to one fac- 

and a;=Jor— o . g ^. ^ , 

tor of the second member. 

Hence, x + 2 = 4 or — 4, 

and X is found to have two values, 2 or — 6. 

22. Find the value of a? in the equation a^ + 6 a? + 9 = 49. 
Solution. x^'\-Qx + 9 = 49 

(X + 3)(a; + 3)=7.7or-7.-7 
/. X + 3 = 7 or — 7 
and X = 4 or — 10 

Observe that the first member cannot be separated into two equal 
factors except when the trinomial is a perfect square (Art. 86). 

Find the values of the unknown quantities in the follow- 
ing equations : 

23. y^-lOy + 25 = 16. 32. a^ + 24 a? + 144 = 226. 

24. «2— 8aj + 16 = 81. 33. o^ 4-2a; + 1 = 36. 
26. a2_i6a; + 64 = 9. 34. y^ — Uy + Ad^d. 

26. 22 + 122 + 36 = 64. 35. z^ + 30 z + 225 = 625, 

27. aj2+14a: + 49 = 100. 36. a,-2 + 24aj + 144 = 169. 

28. ar^-20aj + 100 = 25. 37. ar^ + 40 a; + 400 = 900. 

29. 3/2-18^ + 81 = 16. 38. a^-26aj + 169 = 196. 

30. a^ + 22aj + 121 = 144. 39. y"^ -2y + 1 = 25. 

31. a^ + 6aj+9 = 4. 40. »2+ 50 a? +625 =1600. 

MILNS'S SL. OF ALG. — 6. 
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95. 41. Find tlie value of a? in the equation a? -f 4 a? = —4 

PROCESS. Explanation. By transposing — 4 to 

the first member, that member becomes a 

ar 4" 4 a? = — 4 perfect square which may be resolved into 

a5' + 4a54-4 = two equal factors, (x + 2) (05 + 2). Since 

(x -\- 2) (x 4- 2) = ^^® product of these factors is 0, one of 

\^ I 9 _ n ^^® factors must be ; and since both 

.*. a? 4- J — U factors are the same, each factor is equal 

and ar = — 2 to 0. Hence, the value of a; is — 2. 

42. Find the value of aj in the equation a^ ~ 8 a? = — 16. 

Solution. a;^ _ s x + 16 = 

(a;-4)(x-4) = 

.-. x-4 = 

and a; = 4 

Find the values of x in the following equations : 

43. a^+10a; + 25 = 0. 52. o^ + 20 aj + 100 = 0. 

44. a^ + 12a? + 36=0. 53. a^ + 24 a? = - 144. 

45. aj2 + 6a;-f9 = 0. 54. o^ ^ 35 ^j = - 324. 

46. a^- 18 a? + 81 = 0. 65. ar* - 50 a? = - 625. 

47. a2 + 16aj + 64 = 0. 56. o^ ^ 22 aj = - 121. 

48. a^ + 26aj + 169 = 0. 57. ar^ - 100 a? = - 2500. 

49. »'-14aj + 49 = 0. 58. a^ + 44 a? = - 484. 

50. ar^-f30aj-f 225 = 0. 59. o^^ GOaj= -900. 

51. a^ -28 aj+ 196 = 0. 60. a;' + 80 ar = - 1600. 

96. 61. Find the value of x in the equation a^ + 5a! 

-14 = 0. 

PROCESS. Explanation. Factoring the first 

member of the equation, the factors 

«2 + 5aj — 14 = are (x+7)(a;-2). Since the prod- 

(a? + 7) (a; 2) = uct of the factors is equal to 0, one of 

• aj-l-7 = 0ora;— 2 = *^® factors is equal to 0. Solving, 
* * ' ^ _ the values of z are found to be — 7 

and a? = — 7, or a? = 2 ^^ 2. 
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62. Find the valae of x in the eqnadon Ji' + x -^ 72 s Ol 
SoLcnos. z* — X — 72 = 

.-. x-f 9 = 0, OTx-S=0 
and X = — 9, or X = 8 

Find the Talaes of x in the following equations : 

63. ar'— 2x — 15 = 0. 72. x*+lox + 50 = 0. 

64. x- + 6x + 5 = 0. 73. x*-x-2 = 0. 

65. x'+10x+9 = 0. 74. X* — 18x+77 = 0. 

66. x2-8x + 16 = 0. 75. x= + 2x — 120 = 0. 

67. x'+2x — 48 = 0. 76. x* — 22x-75 = 0. 

68. x*+13x + 40 = 0. 77. x*-6ax + 8a* = 0. 

69. x*-5x-24 = 0. 78. x* + 3x-54 = 0. 

70. x« + 7x + 12 = 0. 79. x*-4ax-96a« = 0. 

71. x*+9x-22 = 0. 80. x«+116x + 24y = 0. 

97. 81. Find the value of x in the equation a? + 6x 
+ 7 = 23. 

PBOCESS. 

x*+ 6x+ 7 = 23 
x*+6x+ 7 + 2 = 23 + 2 
x»+ 6x+ 9 = 25 
(x + 3)(x + 3) = 5.5or -5.-6 
.-. x + 3 =6 or —5 
and X = 2 or — 8 

Explanation. Equations like this may be solved in the same 
manner as the equations immediately preceding, by transposing all the 
quantities to the first member and then factoring ; or they may be 
solved by making the first member a perfect square by adding to or 
subtracting from both members some number. The first member of 
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the equation is a trinomial. A trinomial is a perfect square when 
it is composed of two terms that are perfect squares and when the 
other term is twice the product of the square roots of the terms that 
are squares, x* + 6 x are two terms of the trinomial which is to he 
made a square, but the third term is to be found. Since the second 
term, 6 x, is twice the product of the square roots of the terms that are 
squares, and the square root of one of the terms is x, if 6 x is divided 
by 2 X, the square root of the other terra that is a square will be found. 
Dividing, the quotient is 3, and 3^, or 9, is the third term of the tri- 
nomial. Since the given term is 7, 2 must be added to both mem- 
bers to make the first member a perfect square, giving x2-f-6x+9=26. 
Factoring, (x + 3) (x -f- 3) = 5 • 6 or —6.-6. Whence, x = 2 or 
-8. 

82. Find the value of a in the equation »*— 12a;-f-33=46. 

Solution. x^ - 12 x -|- 33 = 46 

x2-12x-f-33 -1-3 = 46 + 3 
a;2_i2x -1-36 = 49 
(x-6)(x- 6) = 7.7or-7.-7 
.'. X— 6= 7 or —7 
and X = 13 or — 1 

Solve the following equations : 

83. a^ + 10a;-|-20 = ll. 92. ar^ - 24 a; + 122 == 3. 

84. aj2 + 8a; + 12 = 32. 93. or^ - 30 aj + 220 = 76. 

85. aj2_i8a. +80 = 15. 94. ar* + 40 a? + 200 = 425 

86. aj2 + 4a; + 2 = 7. 95. a^-8aj + 15 = 99. 

87. ar^-20aj + 85 = 10. 96. a^ + 12 a? -f 27 = 40. 

88. aj2 + 14aj + 45 = 60. 97. a^ - 3S x -{- 360 = S. 

89. aj2 + 22a;+100 = 60. 98. y2 + 2y-l=2. 

90. a^ + 4aj + l = 33. 99. a^-6aj-3 = 13. 

91. 2/2 + 16^ + 54 = 90. 100. ar^ + 8aj-.2 = 18. 
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98. 1 . Name a common divisor or factor oi 5x and 10 xy. 
Of 4 ab and 16 ab. 

2. Name all the common divisors or factors of 24 si?y^ and 
12 a^y. Which of these is the highest common divisor or 
factor? Name all the common divisors or factors of 
15 aV and 25 ab\ Which is the highest common divisor or 
factor ? 

3. What prime factors or divisors are common to 24aj^y^ 
and 12 3^2/? To 15 aV smd 25 ab*? 

4. How may the highest common divisor or factor be 
obtained from the prime factors of 24 oc^y^ and 12 a^y ? How 
from the prime factors of 15 aV and 25 ab* ? 

99. An exact divisor or factor of two or more quantities 
is called a Common Divisor or Factor of both of these quan- 
tities. 

Thus, 3 a is a common divisor or factor of 9 a^ and 12 a. 

100. The divisor or factor of the highest degree that is an 
exact divisor of two or more quantities is called the Highest 
Common Divisor or Factor. 

Thus, 6 a^ is the highest common divisor of 20 a^ and 15 a^x\ 

101. Principle. The highest common divisor or factor of 
two or more qvxintities is equal to the product of all their 
common prime factors, 

86 
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102. To find the highest common divisor or factor of quan- 
tities that can be factored readily. 

1. What is the highest common divisor of 4a% anr^ 
12 aVc? 

PROCESS. 

4a*6 = 2 • 2 • a • a • 6 



H. C. D. = 2 . 2 . a . a . & = 4a26 

Explanation. Since the highest common divisor is the product 
of all the common prime factors (Prin.), the quantities are separated 
into their prime factors. The only prime factors common to the given 
quantities are 2, 2, a, a^ b; and their product is 4 a'^&. Therefore the 
highest common divisor is 4 a^b, 

2. What is the highest common divisor of m(a* — 6*) 
and m(a2 - 2 a6 4- 6')? 

Solution. m(a^ — 6^) = w(a + 6) (a — 6) 

w(a2 - 2a6 + 6^)= m(a - 6)(a - 6) 



H. C. D. = m X (a — 6) = w (a — 6) 

Find the highest common divisor or factor of the fol- 
lowing: 

3. 14 a^ys^ and 21 xy^z. 

4. 18 0^2^ and 45 xyz. 

5. 5 a^b^y 30 ab\ SLiid 15 a^bc. 

6. 22 mV^, 4:4: mVz^, and 121 m'nV. 

7. 20 abai^, 40 abV, and 120 a^bx^, 

8. 9 a^bm^n^, 27 fe*mS and 81 bmV. 

9. i»2 — 1 andi»2 — 2a + l. 

10. a^ + 2icy -{-y^ and o^— yl 

11 . m^ + n^ and m* — w*. 
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12. a-&, a«-6', anda*-2a6 + y. 

13. aj^ — 1 and a?^ — a? — 2. 

14. a^ — 2 a? and 2a?2^ — 4^*. 

15. y2J — 2? and y* — 1. 

16. 1 — a* and 1 -f a\ 

17. a;^ + 2a?-3andaj2 + 5aj + 6. 

18. aj2-2a?-15anda;2 + 2a;-3. 

19. aj2 — 3a? — 4 and a?^ — a? — 12. 

20. a;2-l, a;*-l, anda?*-2ar» + l. 

21. a?2-7a? + 6anda?2 + 3a?-4. 

22. ax + bx, a^m — b^m, and a^ + 2ab + b^. 

23. a?24-2a?-35anda?24-a?-42. 

24. a?^ — 4 a?y + 4y* and a;^ — 4 y^. 

25. ar» — 8a? + 15, a;^ — 4aj — 5, anda?* — 3a?-10. 

26. a;2 _^a.__ 20, a?2-a?- 12, and a?2 — 2aj-8. 

27. ar» + 2a?y-82/2anda?2-5aj3^4-6y'. 

28. ar*4-4a;y — 2l2/*anda?*4-6a^ — 72/1 

29. Qi^ + 6xy — 7y^SLndio(^ — 2xy + y\ 

30. a;^ — 4a? — 5 and a?^ + 2a? — 35. 

31. a?^ — 4y^, a?^ + 4a;y — 12^, and a?* — 4a?y + 4^*. 

32. ax — 3a, a?^ — 7a? + 12, and a^x^ + 5ax — 24a. 

33. am + 2ma?, a* + 4 aa? + 4 a?^, and a^ — 2 aa? — 8a?^. 

34. 62_c2, 62 + 52>c4-4c*, and&«-96c-10c*. 

35. a?2 — 2a?4-l, ar* — 8a?4-7, anda?^ — 4a?+3. 

36. a*-9, a2-9a-36, anda2-7a-30. 

37. 4a — 8y, a* — 5ay4-6y*, and (xm — 2my. 

38. 2a? + 62/, 2(a?2 + 6a?y + 92/*), and 2aa? + 6ay. 
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103. 1. What quantities will exactly contain 3, 5, x, 
and y? 

2. What quantities will exactly contain 3 ay and 9ix^? 

3. Give several quantities which will exactly contain 
6 sc^y^z and 4 oc^yz. Which one of them is the lowest quantity ? 

4. What factors of the given quantities must be contained 
in the lowest quantity ? 

5. If any quantity is used several times as a factor in 
some of the given quantities, how many times will it be 
employed in the lowest quantity that contains the given 
quantities ? 

104. A quantity that will exactly contain a quantity is 
called a Multiple of the quantity. 

Thus, a^x is a multiple of a, a^j a', x, ax^ and a^. 

105. The lowest quantity that will exactly contain each 
of two or more quantities is called the Lowest Common 
Multiple of the quantities. 

Thus, 4 x'^y is the lowest common multiple of 4 x, 2 y, jcy, and x^. 

106. Principle. Hie lowest common mtdtiple of two or 

more quantities is equal to the prodtwt of all their different 

prime factors, using each factor the greatest number of times 

it is found in any of the given quantities, 

88 
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107. 1. What is the lowest common multiple of 12x^^2;*, 
6 (j?x^y and 8 ojxyT? ? 

PROCESS. 

12 Q?y7^ = 4 • 3 • o:^ • y • 2* 
6 (j?x(f = 6 • a^ • 0? • ^ 
8 wxys^ = 4: ' 2 ' a- X ' y ' s^ 

L. C. M. = 4 . 3 . 2 . a* . i»2 . t/2 . ^ ^ 24 a ^2^2*. 

Explanation. Since the lowest common multiple is equal to the 
product of all the different prime factors of the given quantities (Prin.), 
the quantities are separated into their prime factors, when necessary. 

Since any number which will contain 12 will contain 6, it is not 
necessary to factor 6 ; and since 12 and 8 contain the common factor 4 
and other factors, 3 and 2, which are prime numbers, 4, 3, and 2 are the 
numerical factors of the L. C. M. These multiplied by all the different 
literal factors, each with its highest exponent showing the greatest 
number of times it is used as a factor in any of the given quantities, 
will be the lowest common multiple. 

2. What is the lowest common multiple of oj* — 3 a; — 40 
anda^ + 3aj-10? 

Solution. jc^ - 3 x - 40 = (« - 8) (« + 5) 

aj2 + 3a; - 10 =(« - 2)(a; + 6) 



L. C. M. =(« - S)(x + 6)(x - 2) 



Find the lowest common multiple of the following: 

3. Sa^b^c and 18 a^^c^. 

4. 10 db^x and 16a^ba^, 

5. 14a-6V, Ib^x^y, and ^5abcx. 

6. 27 amy 33 a^my, and 81 a^w?y^, 

7. IBoi^yh and 21 x^y^z\ 

8. o^ — 4 and o^ — 4 a? + 4. 
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9. a^ — y^ 2Lad a^ + 2 xy + y', 

10. a^{x — y) and a(a5* — y^. 

11. a2-6«, a« + 62, anda*-6*. 

12. ar»-9aj-22andiB*-13aj + 2:a 

13. oj^ + 5 a? + 6 and aj* 4- 6aj + 8. 

14. aj*-16, aj2 4-4aj + 4, andiB*-4. 

15. c^- 5c + 4 and c*- 8c + 16. 

16. m (a + 6), m* (a — 6), and ma? (a* — ft*), 

17. aj(a' — 6^, x{a - b), and ar^(a' + a5 + 6^ 

18. 2a + l, 4a2-.l, and8a» + l. 

19. a* - a - 20 and a^ + a - 12. 

20. a^y — a^^, a^ — y^, and a? -\-xy. 

21. a^ — Xy Qi^ — 1, xy — y, and a6 (aj^ — 1). 

22. a^ — a\ a^ — a*, and a; — a. 

23. a*-5a& + 462anda2-2a64-W 

24. aj2-aj-30andaj2+lla; + 30. 

25. a:^ — 1 and a^ + 1. 

26. ar*— 1 anda^ + 4a; + 3. 

27. b(a + b), b\ am(a — b), and a'* +2a6 + b\ 

28. 15 (a^ft - ab% 21 (a^ - ab% and 35 (a&' + b^. 

29. ar^ + 5a; + 6, a^ — a? — 12, and ar^ — 2 aj — 8. 

30. s(^ — Sx-\'15,x- — 4:X — 5,mda^''2x — 3. 

31. ar2 + 4ajy-2l2/^,ar^-2a;2/-32/^ anda;2_gajy_7^^ 

32. ar»-3a;-28, »2^a,_12, anda;2-10a; + 21. 

33. aj2 + 2 a? - 35, aj2 + a? - 42, and ar^ - 11 a; H- 30. 
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108. 1. When anything is divided into two equal parts, 
what are the parts called? What, when it is divided into 
three equal parts ? Into four equal parts ? Into m equal 
parts? Into 71 f»qual parts? 

2. What does ? represent? ~? ?? -? i? i? 

3 4 5 7 m n 

3. Express ^ of a ; J of 6 ; -J^ of c ; f of a; f of d 

109. One or more of the equal parts of anything is called 
a Fraction. 

An operation in division may also be expressed as a frac- 
tion by writing the dividend for the numerator and the 
divisor for the denominator. 

110. A quantity no part of which is in the form of a 
fraction is called an Entire Quantity. 

Thus, a, 3x, 4 a + 3 &, etc., are entire quantities. 

111. A quantity composed of an entire quantity and a 
fraction is called a Mixed Quantity. 

2 v G A- b 

Thus, Sx + -^, Sx — Sy -\ are mixed quantities. 

o c 

112. The sign written before the dividing line is called 
the Sign of the Fraction. 

This sign belongs to the fraction as a whole and not to 
either the numerator or the denominator. 

Thus, in — ^ "^ the sign of the fraction is — , but the signs of the 

quantities a, 6, and 2 are +. The sign before the dividing line simply 
shows whether the fraction is to be added or subtracted. 

91 
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REDUCTION OP FRACTIONS. 

113. To reduce fractions to higher or lower terms. 

1. How many fourtlis are there in 1 half? In 3 halves? 
In 5 halves ? In a halves ? In & halves ? In n halves ? 

2. How many sixths are there in 1 third ? In 2 thirds ? 
In 8 thirds ? In a? thirds ? Iny thirds ? In a + & thirds ? 

3. Since - is equal to — ; and - is equal to — ; what 

2 ^ 4 ' 3 ^ 6 ' 

may be done to the terms of a fraction without changing 
the value of the fraction ? 

4 . How many thirds are there in ^ ? How many halves are 
there in | ? How many fifths are there in ^^ ? How many 

twelfths are there in ^ ? In ^ ? In ^ ? 

24 36 48 

6. Change -^, -^, -— , —5 to fractions whose denom- 
^ 4' 2' 8a 16 

inator is 16 a. 

6. Eeduce to equivalent fractions whose numerator is 3 a?, 

_L _^ A 3^.V a;yg 
ax by al> 4:xy^^ 4:ayz 

7. What else, besides multiplying them by the same 
quantity, may be done to the terms of a fraction, without 
changing the value of the fraction ? 

114. A fraction is expressed in its Lowest Terms when 
its numerator and denominator have no common divisor, 

115. Principle. Multiplying or dividing both terms of a 
fraction by the same quantity does not change the value of the 
fraction. 
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116. To express a fraction in higher terms. 

1 . Change to a fraction whose denominator is 15 ftVd. 

obc 



2a 



PROCESS. Explanation. Since the fraction is 

to be changed to an equivalent fraction 
expressed in higher terms, both terms of 
5 be the fraction must be multiplied by the 

15b^(^d -s- 56c = 3 bed same quantity, so that the value of the 

2ax)ibcd 6 abed ^*'T f ^^ T ^H ol'*"?^* (f ™-). 
— —- — = In order to pi-oduce the required denom- 

ooc Xooca loocd inator, the given denominator must be 

multiplied by 3 bed ; consequently the 
numerator must also be multiplied by 3 bed. 

3x 

2. Change --- to a fraction whose denominator is 30. 

5 

3. Change — — to a fraction whose denominator is 24. 

4. Change — ^ to a fraction whose denominator is 28. 
6. Change f to a fraction whose denominator is 

6. Change — ^ — to a fraction whose denominator 
is 33 X. ^^ 

7. Change — — ^ to a fraction whose denominator 

is 48. 1^ 

8. Change ^ ^ to a fraction whose numerator is 4a^y. 

^ 3a + 2 ^ 

9. Change to a fraction whose numerator is 

12abc. 6a! -3y 

10. Change — ^ — to a fraction whose denominator is 
12 xy. 



94 ELEMENTS OF ALGEBRA. 

7 

11. Change to a fraction whose denominator is 

a* — tr, ' 

12. Change — ^t_!?: to a fraction whose denominator is 

13. Change — -— — to a fraction whose denominator is 75. 

15 

14. Change to a fraction whose numerator is m + n. 

m-\-n 

* 

2a 

15. Change to a fraction whose numerator is 

2aaj-4a. ^ + ^ 

16. Change to a fraction whose numerator is »^ — y. 

x-\-y 

117. To express a fraction in its lowest terms. 

1 5 3*^7/ 

1. Keduce — - — ^ to its lowest terms. 

PROCESS. Explanation. Since the fraction is to be changed 

1 K ^ 2 q to an equivalent fraction expressed in its lowest 

^ '^ = _ terms, the terms of the fraction may be divided by 
20 xy^ 4 any quantity that will exactly divide each of them 

(Prin.). Dividing by the quantity, 6xy^, the ex- 
pression is reduced to its lowest terms, since the terms have now no 
common factor. Or, the terms may be divided by their highest com- 
mon divisor. 

Eeduce the following to their lowest terms : 

Sabc . 13 m^n 17 m^nx* 

' 9a^' ' 39 mV* * 68 mnV 

4 xyh g 112a5a?^ ^ 125aW 

* 12 a; V * 252abxy ' 625 a W' 

10 abx ^ 35 a^y'z' .^ 2x 



35 a^bcx^ 105 a^y*s^ 4 aj* - 6 oa; 
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-- 3a5 -^ ax — a «« 0:^ — 60? — 40 

11« -;; r 17. — • 23. —-• 

12. A±A. 18. ^' + ^"^. 24. ^"-^. 

13. ^-^. . 19. ^'+8m+15^ 25 ^^. 
7f? — v? m^— 2m— 15 or^ + l 

14. ^-^ . 20. -^"^^-^^. 26. -^(^±lL. 
a2-2a6+6' ar^-12a+36 27(a^-y2) 

15. ^-f . 21. ^±^^20. 2^^ _2^-32L. 

16. „ ^ + ^ . . 22. -^?^::^.. 28. ^-^ 



aj24-2aj4-l m^-n^ 2ay + 2y 

118. To reduce an entire or mixed quantity to a fraction. 

1 . How many thirds are there in 2 ? In 5 ? In 7 ? In a ? 

2. How many fifths are there in 4 ? In 7 ? In m ? 

3 . How many fourths are there in 3 J ? In 5f ? In a + ^ ? 
1. Reduce a? + - to a fractional form. 

y 

PROCESS. Explanation. Since 1 is equal to 

^ xy ^, a is equal to ^ ; consequently 

«= y y 

J, I «^a?y , a^ Xy + a ^"^y y -^ y"" y 

y y y y 



Rule. Multiply the entire part by the denominator of the 
fraction ; to this product add the numerator when the sign of 
the fraction is plus, and subtract it when it is minus^ and 
write the result over the denominator. 
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If the sign of the fraction is — , the signs of all the terms in the 
numerator must be changed when it is subtracted. 

The student must note very carefully that the sign of the fraction 
affects the whole numerator and not simply the first term. 



Eeduce the following to fractional forms : 

2. 5a; + ^- 14. x^^y^=^. 

2 7 



3. 4 a; 



_22. 15. 3a? + 



7. 2 a? 



2m — w 



^a — x 



5 «« 

2ac-c* 



a 

X 



4. sx^y. !«• «- 

4 

e o 6y 17. 1 + ^ 

5. 2a?--^. 1+0? 

2a?-l 18. 3+ ^ 



7 , 

, . 19. oa-\ — • 

8. 7a? + ^l^ll^. ^-^ 

9. oa ■ — • 

^ 22. 2a?-3-^^. 



a; + 2 



10. 3m+ ' 14 

3 23. m — 2w + 



11. a4-^'^ — ^- ^. . . aj2_5 



m4-27i 
24. m + w — aJ4- 



m4-n4-a? 



12. 2z-y-±l. 25. g-. + ^' + '^-g. 

^ a + x 

13. 5 6H 26. a{m-\-n) + 



m — n 
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119. To reduce a fraction to an entire or mixed quantity. 

1. How many units are there in f ? In f ? In ^ ? 

2. How many units are there in ^£±^? In ^^7^^ ? 
At 3 5 

1. Reduce ^^"^ . to a mixed quantity. 

X 

PROCESS. Explanation. Since a fraction may be re- 

, , garded as an expression of unexecuted division, 

^^ ' zzza -\-— ^y performing the division indicated, the fraction 

X a; is changed into the form of a mixed quantity. 

Reduce the following to entire or mixed quantities : 
o 23a ,^ ajs + l 



3. 



9 

26 a6 
11* 



. 45a^g 
15 0^ 

e 36ac4-4c 

5. — 



6. 



9 



a 



^ 120^ -5y 
^x 

a. . 



9. 



a 

a^x ~" oj^ — 05 — 1 

milnb's el. of alg. — ^7. 



xv. 


x-1 


11. 


2a2-462 


19 


5 ay 4- aa 4- a? 


XA. 


a 


13. 


2a6 + 62 
a + ft 


14. 


2i»2 + 7 
0? — 4 


15. 


a^ + J/*. 




a? — 2/ 


16. 


2a54-a^'-a^ 


ah 


IT 


a? + 2a?-2x + l 



as-2 


2a5»-6a! + 4 


2a? -3 


5a^-7a? + 5 


5a;-l 


a^ — aj» — oj + l 
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a — 6 

19. ^--a; + l 23. 

ar — 1 

20. ^^^^ . 24. 

x-3 

a — 6 or — 1 



120. To reduce dissimilar to similar fractions. 

1. Into what fractions having the same fractional unit 
Kiay i, i, i be changed ? 

2. Into what fractions having the same fractional unit 

may — and — be changed ? 
3m 2m 

111 

3. Express - — , - — , and - — in equivalent fractions 

3m 2m K>7n, 

having their lowest common denominator. 

121. Fractions which have the same fractional unit are 
called Similar Fractions. 

122. Fractions which have not the same fractional unit 
are called Dissimilar Fractions. Similar fmctions have^ 
therefore, a common denominator. 

123. When similar fractions are expressed in their lowest 
terms, they have their Lowest Common Denominator. 

124. Principles. 1. A common denominator of two or 
more fractions is a common multiple of their denominators. 
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2. The lowest common denominator of two or more frao 
tions is the lowest common multiple of their denominators. 



2x a^x 

lowest common denominator. 



1. Keduee ^ and -y- to similar fractions having their 





PROCESS. 




m 
2x 


m xa^ 
2xx a^ 


a^m 
2a^x 


3 

a^x 


3x2 
a^x x2 


6 

2d'x 



Explanation. Since the lowest common 
denominator of several fractions is the 
lowest common multiple of their denomi- 
nators (Prin. 2), the lowest common multi- 
ple of the denominators 2 x and cCh^ must be 
found, which is 2a'^x, The fractions are 
then reduced to fractions having the de- 
nominator 2 a^x, by multiplying the numer- 
ator and denominator of each fraction by the quotient of 2a'^x 
divided by its denominator. 2 a^ -i-2x = a^, the multiplier of the 
terms of the first fraction. 2 a^x -f- a^x = 2, the multiplier of the 
terms of the second fraction. 



Rule. Find the lowest common multiple of the denomina- 
tors of the fractions for the lowest common denominator. 

Divide this denominator by the denominator of each frac- 
tion, and multiply the terms of the fraction by the quotient. 

Reduce to similar fractions, having their lowest common 
denominator : 

oa.6 ^ 2b ^Scd 

2, - and — 



3. ™ and °5. 

n X 

4. 3M and 2^. 

c Zby 

6. ^and^. . . . 

4 3^ xy ax ayz 



V. 


— — £11IU — • 

arz xz^ 


7. 


ax be ah 
y ax ay 


8. 


be ac ah 
a, — > — J — 

xy xz yz 


9. 


2 2 2 

— J — J — . 
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10 ^, ^ ^ 14 ^+.y ^—y ^+y^ 

a^h be b^c" ' 4: ' 2c ' 2a 

,, 10a86 9 -^ 5 7 x + y 

12. 2^, H m, ii. 16. _A_, _L_. 

13 3 26 39 a + b a-b 

^^ a + b a — b ab ,^ 3 5 9 

lo. -— J — ) -— • 17. -> — > — 

3a? 2y 6 a; + 2 05 — 2 x 

1ft «+& 1 1 



a'-fts a-6 a'+a6 + 6« 



ly. r) -: :> 



x + 1 4a; + 4 ar* — 1 



20. -A-. -1., ^ 



a2-62 a- 6 a2 + 62 
91 a? + 2 a;-2 



ic2__3aj + 2 ar^ + ic-2 



22. -:.-? ., 



a^^2x-3 aj2-2a;-15 

g + l a?-l 2 
a; (a; — 2) 4a; — 8 4aj 

5 3a; 4 -13a; 

• l + 2a;' l-2a;' l-4a;2* 



„^ 1 a Sa 

550. -J — :: — :> 



a + 6 a'-b^ a*-b^ 

26. ^^-y . i±y, -^ 

^ — xy-\-]f' ar* + 2r «y + r 
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CLEARING EQUATIONS OP FRACTIONS. 

125. 1. Five is one half of what number? 

2. Eight is one third of what number? One fifth of 
what number? 

3. If J a? equals 5, what is the value of a? 

4. If ^ a? = 6, what is the value of a? ? 

5. What effect has it upon the equality of the mem- 
bers of an equation to multiply both by the same quantity ? 

6. If the members of the equation ^ « = 6 are multiplied 
by 6, what is the resulting equation ? 

7. Multiply the following equations by such quantities 
as will change them into equations without fractions : 

ia:=8, or 1=8; ix=T, or |=7; 
8 = *' 10 = ^' 2 + 4 = ^' 3 + 6 = ^' 

i + i=^«' 1 + 5 = ^^' M=«- 

8. How may an equation containing fractions be changed 
into an equation without fractions ? 

126. Changing an equation containing fractions into 
another equation without fractions is called Clearing an 
Equation of Fractions. 

127. Principle. An equation may he cleared of fractions 
by multiplying both members by some multiple of the denomina- 
tors of the fractions. 
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X 



1. Find the value of x in the equation a? + - = 8. 

PROCESS. 

Clearing of fractions, 3x + x = 24: 
Uniting terms, 4 a; = 24 

Therefore, x = 6 

Explanation. Since the equation contains a fraction, it may be 
cleared of fractions by multiplying each member by the denominator 
of the fraction (Prin.). The denominator is 3 ; therefore each mem- 
ber is multiplied by 3 ; thus, 3 times x is 3x, 3 times -, or ^x, is }x, or 

o 

Xf and 3 times 8 is 24. The resulting equation is 3 x + x = 24 ; there- 
fore X = 6. 

2. Find the value of x in the equation 

PBOCESS. 

^4^2^5 2 
Clearing of fractions, 20x+5x + 10x + 4:X=: 390 
Therefore, 39 a; = 390 

and a; = 10 

Explanation. Since the equation may be cleared of fractions by 
multiplying by some multiple of the denominators (Prin.), this equa- 
tion may be cleared of fractions by multiplying both members by 4, 
2, 6, and 2 successively, or by their product, or by any multiple of 
4, 2, 5, and 2. 

Since the multiplier will be the smallest when we multiply by the 
lowest common multiple of the denominators, we multiply both mem- 
bers by 20, the lowest common multiple of 4, 2, 5, and 2. Uniting 
terms and dividing by the coefficient of x, the result is x = 10. 

Rule. Multiply both members of the equation by the least, 
or lowest, common multiple of the denominators. 
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1. An equation may also be cleared of fractions by multiplying 
each member by the product of all the denominators. 

2. Multiplying a fraction by its denominator removes the de- 
nominator. 

3. If a fraction has the minus sign before it, the signs of all the 
terms of the numerator must be changed when the denominator is re- 
moved. 

3. Find the value of x in the equation 

a; — 3 x — 1 05 — 5 



Solution. 



x — S X — I « — 6 



4 9 6 

Clearing of fractions, 9x — 27 — 4a; + 4 = 6x — 30 

Transposing, 9x — 4x — 6a = 27 — 4 — 30 

Uniting terms, — x = — 7 

Dividing by — 1, x = 7 

Note 3 under the rule is a very important one. Observe its appli- 
cation in the above solution. 

Find the value of x and verify the result in the following : 

4. a; + ? = 10. 10. aj + ? + ? = ll. 

5. a? + | = 20. 11. | + ? + ?=9. 

3 3 4 6 

6. 2a + 5=9. 12. 2a; + ?H-? = 37. 

4 2 7 



X 



X . X 69 



7. 2a;-h^ = 34. 13. a: + ^-h^= . 

8 3 5 5 

8, 4. + | = 51. 14. . + 1 + ^^+^=41. 
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9^12 12 10 5 ^ 2 4 4 

17. 2a, + ?^ + f| = 27. 26. | + *±2 = a,-3. 

4 15 3 8 

18. 3aj-5 + :^ = 70. 26. 5_^^ = a.-.9. 

6 12 3 11 

19. aJ+^-f = 33. 27. 2£-2a; = 54^-2L 

7 5 7 5 

a?+3 g-S a?-5 . 
32. — ^=-2 1- 

8 3 

«. 23a; 4- 13 a-l « 

34. -I — = 6. 

4 2 

4a? + 2 _ 3a;--5 . , 

35. -^^_-^^ + l. 

36. £±l + ^ = £±i+16. 

37. x--J_^x-7_x-\-l 



38. 



10 ' 5 6 

05 + 3 « — 1 aj + 42 a; + 5 
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39. 5+aj=:? + ^^±l. 42. g+^nJ = a;-^^"^. 

2^ 3^ 6 5^ 3 6 

.^ X 2aj — 4 _ a; + 7 -« x , x 2x x — 52 
40. =s X — • 43. —H = • 

3 7 2 8 5 6 4 

., l-2a? 4-6aj 13 .. a;-4 aj-l ic-26 

41. = . 44. — = • 

3 4 42 4 3 5 

.^ a;— 1 , a;-3 x^2 2 
^'- "T-+-4 3-=3- 

PBOBLBMS. 

128. 1. A certain number diminislied by \ and also by ^ 
of itself leaves a remainder of 19. What is the number ? 

Solution. Let x = the number. 

Then - and - = the parts of the number. 

5 6 ^ 

And a;---- = 19 

6 6 

Clearing of fractions, 30x~6x — 5« = 570 

Uniting, 19x = 570 

a; = 30 

2. What number is that the sum of whose third and 
fourth parts equals its sixth part plus 5 ? 

3. A man left ^ of his property to his wife, ^ to his 
children^ and the remainder, which was $ 1200 to a public 
library. What was the value of his property ? 

4. Out of a cask of wine \ part leaked away ; afterward 
10 gallons were drawn out. The cask was then ^ full. 
How many gallons did it hold ? 

5. A man leased some property for 40 years. -^ of the 
time the lease has run is equal to ^ of the time it has to 
run. How many years has it run ? 

6. The sum of two numbers is 35, and ^ of the less is 
equal to ^^ of the greater. What are the niimbers ? 
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7. A man paid ^ as mucli for a wagon as for a horse, 
and the price of the horse plus \ of the price of the wagon 
was 100 dollars. What was the price of each ? 

8. The sum of two numbers is 76, and ^ of the less is 
equal to ^ of the greater. What are the numbers ? 

9. There is a certain number the sum of whose fifth 
and seventh parts exceeds the difference of its seventh and 
fourth parts by 99 ? What is the number ? 

10. Divide the number 50 into two such parts that ^ of 
one plus f of the other shall equal 35. 

11. A son's age is f of his father's ; but 15 years ago the 
son's age was ^ of the father's. What are the ages of each ? 

12. A man paid $ 3 a head for some sheep. After 20 of 
them had died, he sold \ of the remainder at cost for $ 60. 
How many sheep did he buy ? 

13. A man wished to distribute some money among a 
certain number of children. He found that, if he gave 
to each of them 8 cents, he would have 10 cents left, but, if 
he gave to each 10 cents, he lacked 10 cents of having 
enough. How many children were there, and how much 
money had the man ? 

14. A man and his oldest son can earn $30 a week ; the 
man and his youngest son can earn f as much ; and the two 
sons can earn $ 19 a week. How much can each alone earn 
per week ? 

15. A and B start in business with the same capital. A 
gains $1775, and B loses $225. B then has f as much 
money as A. What was their original capital ? 

16. Divide $440 between A, B, and C so that B shall 
have $ 5 more than A, and C shall have f as much as A 
and B. 
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ADDITION AND SUBTRACTION OP FRACTIONS. 
129. 1. Find the value of | + i; of J-^; of ^ + ^- 

2. What kind of fractions can be added or subtracted 
without changing their form ? 

3. What must be done to dissimilar fractions before they 
can be added or subtracted ? How are dissimilar fractions 
made similar ? 



130. Principles. 1. Only similar fractions ca7i be added 
or subtracted, 

2. Dissimilar fractions must be reduced to similar fractions 
before they can be united by addition or subtraction into one 
term. 

1. What is the sum of % ^, and — ? 

2 5 4 

Solution. g + 2a 3c^l0a 8a 16c^l8a+ 16c, 
2 5 4 20 20 20 20 

2. Subtract |^ from p. 

3x Sy 

Solution. Ij _ 2a ^ 21jx _ 16«y ^ 21 6x - 16 gy, 
82^ 3x 2ixy 2ixy 24xy 

3. Simplify -_^ + _^-^^. 

Solution. The lowest common denominator is x^ — 4, 

x±2,Xj-2_o^_±^ 
x-2 x-\-2 a;2_4 

_ x^ + ix-\-4 x^-4x-\- i __ a;g + 4 _ g^ -f 4 
a;2_4 "^ a;2_4 352 _ 4 a;2-4* 
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Add: 

2 3 

4. — and — -• 

a6 ab 

5. 2a6and|^. 
3xy 3xy 



6. ?and™ 
n 



y 



X 



^. 



7. -f^ and ^ 
3a Doa; 



8. 



9. 



a 



a + x 



and 



a 



a — x 



and 



a^ 



a — 6 



10. 20+^^^^50-46. 
3c 12c 



11. 



12. 



13. 



2«^ and ^a' 



a^ ^y^ 



x-{-y 



^±i and «±|. 
a + o a-fo 

2^Zll^ and 2£lli^. 
2x — y X — y 



14. -^and-^— 
w + n m — w 

16. £±land^. 
oj — 1 a? + l 

16. f-J=^-^ and -^. 

ar—xy x^y 

17. Ill^and-^. 
or — y^ x-—y 

18. ?Lz4and^ + ^ 



a + 2 



a — 5 



19. 



20. 



21. 



22. 



a — 6 .„ J a + b 



a-\-b 

5 

2aj-l 

1 



and 



and 



a — 6 
2aj-7 



and 






aj + y ar^ — y^ 



a 



and 



X 



x{a — x) a{a—x) 



23. -?«-and 2«« 



tt + aj 



(J? — Q^ 



Remember to change the signs of all the terms in the 
numerator when you subtract a fraction. 



Subtract : 

24. 3£from^. 
9 9 

26. ^from^. 
o 5 



26. ^from^. 



oa; 



y 



«-, 26 p cd 
27. — from — . 



xy 



yz 
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28. — i— from — ^. 31. — ^ from ^ 



x—1 «— 2 x+2 x+3 

29. ^«i^ fj^ojj^ _5 . 32. . ^^ from ^ 



a^-4 ic-2 ix^^2x 2x 

30. 4^ from . ^+.^ . > 33. ^-^ from ^ 



34. Find the sum of one half of c dollars and one third 
of c plus d dollars. 

35. A man having b dollars paid out one half of his 
money, and then one fifth of the remainder. How much 
'did he pay out ? How much had he left ? 

36. A carpet cost a dollars, a table b dollars, and a desk 
one half as much as the carpet and the table. What was 
the cost of all ? 

Simplify : 
2xy 4:xy_3x^ a-b a±b a 6 

38. ^x-^x + ix. ^g g I y I ^ 

y aj -f y m^ + xy 

39. ■^ab — \ab-\'\ab, 

40. !?^ + ?^-5!^. a: + 2/ a:-2/"^aj-y 
3 4 6 

-_, 1 , 1 , 2a 
3a; . a; . 3aj 47. 3-—: + :; - + 



41. !i± + :f: + ^. 1 + a 1-a 1-a^ 

5 ^4 10 

42. :^-i5 + 5. 48. — r-+-T 

7 9^3 aft be ac 

.„ 5aa; 2aaj , 5ax ah '^^ 3,5 

43. -— — h-TTT* 49. — — r + 



6 9 12 ar^-1 x-\-l x — 1 
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50. — -H -• 53. X - + 



a?^x^2 x—2 x+1 x+1 a? — 1 

I . 2 . 3 _ 1^, 1 2 

51. -H -H -• 54. 1 • 

x + 1 x-\-2 x — o x — a x-\-a x 

-,„ 1 1 _^ a , 3a 2ax 

52. —1 — -• 55. h 



Qi? — x — 2 Qc^ + X — 2 a — x a + x a^-j-a^ 

56. A man walked a miles the first day ; tlie second day 
he walked half as far as the first day ; and the third day 
half as far as the second. How far did he walk in the 
3 days ? 

57. What is the cost of a coat, hat, and pair of shoes, if 
the coat costs a dollars, the hat c dollars, and the shoes ^ as 
much as the hat and coat ? 

58. A train went e miles the first hour, /miles the second, 
and then went back \ of the whole distance. How far was 
the train then from the starting point ? 

MULTIPLICATION OP FRACTIONS. 

131. 1. How much is three times ^? Four times f ? 

Five times — - ? 
9 

2. Express 2 x f in its lowest terms; 6 X -j^; 8 x ^; 

3. How may the products in 1 and 2 be obtained from 
the given fractions ? 

4. In what two ways, then, may a fraction be multiplied 
by an integer ? 

5. How much is i of I or 1-^3? ^of^or^-j.2? 

5 5 
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6. In what two ways, then, may a fraction be divided by 
an integer ? 

132. Principles. 1. Multiplying the numerator or divid- 
ing the denominator of a fraction by any quantity, multiplies 
tJie fraction by that quantity. 

2. Dividing the numerator or multiplying the denominator 
of a fraction by any quantity, divides the fraction by that 
quantity, 

1. What is the product of - multiplied by -? 
T>»Ax^^aa Explanation. To multiply - by | is to find c 

FaOC£SS« y 3 

X ^ c cx times J part of -• J part of - is ~ (Prin. 2), and c 

y 3 = 3^ ^ J ' '' 

times — is — (Prin. 1). That is, the product of the 

if if 

numerators is the numerator of the product, and the product of the 
denominators is the denominator of the product, 

1. Reduce all entire and mixed quantities to the fractional form 
before multiplying. 

2. Entire quantities may be expressed in the form of a fraction by 
writing 1 as a denominator. Thus, a may be written -• 

3. When possible, factor the terms of the fractions and cancel 
equal factors from numerator and denominator. 

2. Find the product of 4^ X ^-=^ X ^"^^ 



iB2-4 4a? iB2_2ic-3 



Solution. ^LuA^^Jzly, ^ + 2 



x2 - 4 4 a a^ - 2 « - 3 



x-S ^ (a;+l)(a;-l) ^ x±2_ 



(x + 2)(x-2) 4a (aj-3)(xH-l) 

Canceling equal factors from dividend and divisor, the result is 

4«r«-2)* 
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Multiply : 
3. by abn, 9. -— — — by 



obex 18 m-\-n 

5. ^by^. 11. A^by ^"^ 



46 a a5 + y a^ — y 

6. 2mty^. 12. -1^ by ^^ 

5 oo; O/'ya? ar — 4 a 



9 6n 2 oa? aj^ a? ^a? 

8. ^±Jby^. 14. "'^^ by ^-^ ^ 

a6c aa; 5a;— 15 a^H-5a; + 4 

15. by ■ • 

a^^x-2 , iB2-3a;-10 

16. by • 

3m-12 , m+2 



m^-f3m-f2 m* — 5m + 4 
18. / + 3 by ^-9 



5a!-15 •' »«-4a;-21 

19. _20_by^±l^ni2. 

a!'-64 "' 6a!-26 
20. «^ by -^^ 



ar^ + 2a;^63 v a;^ + 9a; + 18 
• a2-4a;-21 ^ 6a? + 54 
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Simplify the following: 

22. ^x4x^. 
DC ah ac 



23. 



Qi? — }^ X a 



X x-\-y x — y 






26 ( '^ + ^ Y«'-25 \/a^-4\ 
27. Ag + g-W 3a;y Y 

\m^ + m + lj\m^ m ^ 

30. «+> X ^ X ^p2^-l?. 
a + 3 a — 5 a^* — a— 2 

31. If a cords of wood cost h dollars, how muck will c 
cords cost at the same rate ? 

32. If 6 pounds of sugar are worth c pounds of butter, 
how many pounds of butter are 6 pounds of sugar worth ? 

33. A father works a weeks at n dollars per week, and 
his son works 4 weeks at \ of the wages that the father 
receives. How much do both receive ? 

34. What is the value of d acres of land at f of {d — e) 
dollars per acre ? 

35. A walked c miles in h hours. How far did he walk 
in 1 hour ? In 5 hours ? In a hours ? In c + d hours ? 

HILNS^S BL. OF JLLG. — & 
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DIVISION OP FRACTIONS. 

133. 1. How many times is \ contained in 1 ? ^ in 1 ? 

^Vinl? ^inl? iinl? ;^inl? -1— inl? 

a 3b m-\-n 

2. How does the number of times a fraction, having 1 
for its numerator, is contained in 1 compare with its 
denominator ? 

3. How many times is f contained in 1? f in 1? 

5 in 1 ? ? in 1 ? 
c a 

1. What is the value of — -^ - ? 

2c d 

PROCESS. Explanation. The fraction - is con- 

a ^ 

b a h d bd tained inl d times ; and -^ is contained in 

.^_ ^. — ^^^ \/ _ — __^^ t* 

2c d 2 c a 2ac jl p^^ of d times, or ^ times. And, 

n a ^ h h 

since - is contained in 1 - times, it will be contained in --, -— 
d a 2c 2c 

times - or -^ times. That is, the quotient of one fraction divided 

a 2ac 
by another is equal to the product of the dividend by the divisor 

inverted. 

1. Change entire and mixed quantities to the fractional form. 

2. An entire quantity may be expressed as a fraction by writing 1 
for its denominator. 

3. When possible, factor the terms of the fractions and use 
cancellation. « 

« -Tk- -J 0^ — 1 1 x + 1 

2. Divide — ?^"y 



a^ + x-20 -" 0^-25 

Solution. x^ - 1 ^ x+1 ^ (^ + l)(x - 1) ^ (a^+5)(:.-6) 
aj2 + x-20 a;2-26 (aj + 6)(a;-4) x-\-\ 

Canceling equal factors, the quotient is 

(x-l)(a;-5) Q^ as2-6a; + 5 
« — 4 05 — 4 
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Divide : 



3. 5 by ^. 12. -^ by ^^ 



y n ^ — y^ OD-{-y 

4. ^ by t 13. ^^±^ by ^+JL. 
xy c 2y xf 

6. ^ by ^. 14. -^_ by " 



6. by — -• 16. — by 



6a* 36 • a^ — y^ x — y 

8. ^^byl^. 17. l±l\,y^l:zl±l 
6a^b^c 15 xy^ ab axy 

^•lAlbyA-- 18. :^£j^by^- 



a? — y^ x — y oe' — 2x+l x — 1 

10. by a' — 6*. 19. -r — z— by 



a! •' ar'-S* *' ar'-16a;+50 

"•4^l>y«-2a^ 20-Ii^by ^ 



o' + ^sB* a'-a;' '' (o + a;)' 

21. 2^ by Sx* 



a? — 7x ■' a!*-13a; + 42 

a;'-4ai + 4 , a!'-6a! + 8 

• a!*-2a;-15 ^ a!» + 4a! + 3' 

a«-10a + 24 , /a-6 a-4 \ 

• a'' + 5o-14 -^ \,a-2 a' + 6a-7J 

24. f5 + |^ by P'^-'^-g-A 
V2^3; ^ I, 6(a> + y) ; 

26. 4a;*-4tf» by 5-±^. 

as — y 
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26. 4=4 by ^=i^. 



27. (aj-4 + 



aj + 1 



■^ ('-.-tt)- 



28. What is the cost of b tons of coal if 7 tons cost a 
dollars ? 

29. How many times a dollars are 2 times c dollars ? 

30. A man sells 4 horses at m dollars each, and after 
using n dollars of the money, divides the remainder equally 
among c children. What represents the share of each child ? 

31. A man exchanges d horses for/ cows. At that rate 
what is the value of a horses ? 

32. A son's age is — of his father's. The father's age 

m 

is represented by f of the difference between a and b. 
What represents the age of the son? 



EQUATIONS. 

134. Elimination by Comparison. 

1. a? -f 3 2/ = 5 and x — y=l are simultaneous equations. 
Transpose the term containing y in each to the second 
member. What are the resulting equations ? 

2. Since the second members of these derived equations 
are each equal to x, how do they compare with each other? 
(Ax. 1.) 

3. If these second members are formed into an equation, 
how many unknown quantities does it contain ? 

4. How, then, may an unknown quantity be eliminated 
from two simultaneous equations by comparison 9 
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1. Given ] ^ ".^ r to find the values of x and y 
by comparison. 

Solution. 2x — y = S (1) 

x + Sy = 19 (2) 

Transposing in (1), 2x = S + y (3) 

Dividing by the coefficient of a;, x= "^^ (4) 

Transposing in (2), x= 19 — Sy (6) 

Equating (4) and (6) (Ax. 1), ?-il = 19 - 3 y (6) 

Clearing of fractions, S-\-y = SS — 6y (7) 

Transposing, etc., 7 y = 36 (8; 

Dividing by the coefficient of y, y = 6 (9) 

Substituting the value of y in (5), x = 19 — 16 (10) 

X = 4 (11) 



Rule. Fii}d an expression for the value of the same 
unknown quantity in each equation. Make an equation of 
these values and solve it. 

Solve the following by elimination by comparison : 
4a: + 2/ = 10) c2x-'2y = -6 



2. 



3. 



|4a: + 2/ = l^) pa:-:^2/ = -oj 



(6ar- y= 2^ r x — y= 4| 

1 a? + 3^ = 32> ' (2aj-t/ = 22) 

\^x- y = m) ' (2a; + 22/ = 28> 

\2x- y= 7> ' X x + 2y=:27) 
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10. 



11. 



12. 



13. 



14. 



15. 



16. 



{ 
{ 
{ 



«+ y 

2x- y 
3«-f2y 

^x-2y 
2aj- y 

(4a; — Sy 
\2x-\- y 



= 9. 

= 20 3 

= '} 

= 28 3 



{ 



2x-\-y = 
3x-y = 

(3a?-f 22/ 
\5x-{- y 



= 23!" 

} 



27 
3 

= 30 



= ^U| 

= 29) 



X y 

— 4--- 
X y" 



17 



(ax-\-hy = my^ 
( aaj 4- cv = n ) 



18. 



19 



20. 



21. 



2^3 



= 10 



■{ 



5 6 J 



:!} 



2a? + <^y 
ax + 2y 



2+2^=7 

3 2 

5 + 2^ = 5 
9 2 



o 

H + 5aj.= 27 
5 



135. Elimination by Substitution. 

1. In the equation a; 4- ^=12, how may the value of x 
be found if y equals 5 ? 

2. x-\-2y = % and 2a:-|-32/ = 13 are simultaneous equa- 
tions. Find the value of x in the first equation by trans- 
posing y to the second member. 

3. If this value of x should be substituted for x in the 
second equation, how many unknown quantities would the 
resulting equation contain ? 

4. How, then, may an unknown quantity be eliminated 
from two simultaneous equations by substitution ? 



EQUATIONS. 119 

1. Given i ^"",^~.^}-to find the values of x and y 

by substitution. 

Solution. 3x — 2y = l (1) 

x + 4y = 19 (2) 

From (1), X = ^-^ (3) 

SubsUtuting (3) in (2) , i-i^ + 4 y = 19 (4) 

o 

Clearing of fractions, 1 + 2 y + 12 y = 57 (6) 

Transposing, etc., 14y = 56 (6) 

y = 4 (7) 

Substituting in (3), x = ^-5 (8) 

a; = 3 (9) 

Solve the following by elimination by substitution : 

1 a; + 4:2/ = 31) ' ( 2^-4ic= 9) 

3 j x-Sy= 3| g (7x-4:y=Sli 

(2aj + 42/=16) ' (2a;- ?/ = 25) 

(2a? + 32/ = 28) ' 1 x-2y= 4> 

r4a; + 42/ = 76i ^^ r3a;- 2/ = 5| 

(3a?+ ^ = 39) ' (32/- a = 9) 



6 



• 1 aj+3y = 26) ' I a;-22/=^6) 
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12 



12 X- v=20 3 



13 



14 



15 



16. 



f 4aj— y= 42 | 
l6aj + 5y = 18o| 

r5a: + 32^ = 46> 

l3a; + 22/ = 29J 

< 2x- y= 10) 
■ il6a;-5y = 200l 






17. 



18. 



19. 



f 4a?-3y = 24| 



20. < 



^ y n 

--1=2 
a 



3 2 

5 + ^ = 5 

7 7 



a 


, b 


"V 




+ - = 


m 


05 


^ 


>- 


c 


. d 






+ - = 


n 


a; 


y 


^ 



REVIEW OP EQUATIONS. 

136. 1. Definition of an Equation. 

2. Definition of Members of an Equation. 

3. Definition of Transposition. Rule. 

4. Definition of an Axiom. Give the Axioms. 

5. Definition of Simultaneous Equations. 

6. Definition of Elimination. 

7. Definition of Clearing of Fractions. Rule. 

137. The highest number of factors of unknown quanti- 
ties contained in any term determines the Degree of an 
Equation. 

Thus, when only one unknown quantity of the first power is found 
in any term, the equation is said to be of the Jirst degree ; when the 
second power of an unknown quantity is found in any term or when 
the number of unknown factors in any term is two, the equation is 
said to be of the second degree, etc. 
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138. An equation of the first degree is also called a 
Simple Equation. 

Thus, X + y = 7, 3 ax + 2 a^y = 10 are simple equations. 

139. An equation of the second degree is also called a 
Quadratic Equation. 

Thus, x2 = c, X + x^ = 4, dbcxy = 6 are quadratic equations. 

140. Solve the following equations : 

1. a?— 6 + 5ic=4 + 2aj + 2. 

2. 4(aj-l) = 5(2aj-8). 

3. a;(aj-4) + 6 = (a;-4)(a? + 30). 

4. (2aj + 6)(aj-fl) = (2a;-2)(a? + 9). 
6. ax — hxz=za^ — h\ 

6. ax — ah = X — ex -\-h\ 

7. a-{-h-^2x = &x, 

8. aH — a^ — y^^Hhn-^-^ah 

13. 1 — 2^-9. 

14. |(2a!-6)=|(a! + 4)-7. 

„ lla;-80 8a;-6 ^ 
16. ^ ^j^ = 0. 

16. ^ + 3+3(^ + 3)^3(x + 3)_l, 

7 ^ Jr 
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5 9 2* 



18. 5-6 = ^-aj. 
a d 



-^ ax — b , x-{-ac 
19. ^-a = — i- — • 



20. 1 1 2. 



« — 1 a + l aj* — 1 
21. 4 ^ 12 48 



«-2 a! + 2 a^ — 4 



aj — 7 a; — 12 a5 — 7 

„« 05 a^—5x 2 

350. — ^ ^ ~* 

3 3aj-7 3 

24 g + T a; + 5 ^5 5a; + 3 
2 3 4 

26. — =10(a;-l). 

2g^ 7aj4-16 «_ a + 8 



21 3 4aj-ll 

Suggestion. The equation may be expressed as follows 

7a , 16_x_ x + S 



21 21 3 4x-ll 
16 x + 8 



Simplifying, 21-4^^^ 



20« 36 5M-20 ^ 4« , 86 
25 "^25"^9a;-16 5 25 



28. 1- ^ 



iB + 2 aj + 6 
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29. -1^+ J^ = 5. 
x+6 x-1 

30. -1^ 1— = ^. 

a? 4- 3 3(0; + 3) 15 

3a;-~2 6a?+ 13 ^ 21 ~3a; 
' 2x-5 10 5 

32 _J^ e^-JL ^ 3(16-_2^ 

aj — 1 aj + l or^ — 1 

lQa? + 17 12a; + 2 ^ 5a;-4 
18 13aj-16 9 

See suggestion, Example 26. 

18a; + 19 , 11 a; + 21 ^ 9a; + 15 
28 6aj + 14 14 

«^ 6aj + l 2a:-4 2a;-l 

oo. = • 

15 7a?-16 5 

2a;~5 a; + 5 ^ a;4-13 1 
* 16 "^ 4 8 "^16* 

4a; + 3 ^ 8a; + 19 _ 7a;-29 
9 18 5aj-12* 

38. -1^+ ' ^' 



x + 2 ic-f-a «2_^5^^g 
39. 2^l4^ + l = l-3a; 



40. 



l-3a; 6 l-2a; 
4 10 2 



a._4 a;-5 ar^-9a; + 20 



b a 

42. ±-[.± = a' + l^. 
bx ax 
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43. 



x^—a a — x 2x a 



bx 



X 



44. 



Sax — 2 b ax — a ax 2 



3b 



26 



b 3 



46. ^(^ + ^)=6d + ^- 
ex c 



46 



( x+5y= 7| 



47 



(4:X — 2y= 6| 
i3a; + 3y = 36l 

1 



48. ^ 



2 
2 ^ 



53 



54. 



' x + 5y=12^ 



52. ^ 



a; 



^+3,= 7 






j' oo; + 6y = c 



+ oy = c ) 
— ay = d > 



49. ^ 



V. 



3 5"^ 

5 2 



55. < 



a , 6 
aj 2^ 



a 



b 

y 






50. 



r2a? 
3 



1 
8 



-2^= 2 



r < 



6 



4 



i^-^=-3 



56. ^ 



a? 

— \-ny = m +n 

m 
mx , nhj _2 I 2 



n 



m 



51. < 



^4.y 

2 2 

- + y 
4 ^ 



= 2 



= 21 



57. < 



^^y 

a b 
b a 



= 1 



= 1 
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PBOBIiEMS. 

141. 1. The sum of twp numbers is 100, and the less num- 
ber is 10 more than ^ of the greater. What are the numbers ? 

2. A, B, and C build 216 rods of fence. A builds 7 rods 
a day, B builds 6 rods, and C builds 5^ rods. If A and B 
work the same number of days and C works twice as many 
days as the others, how many days does each work ? 

3. A man has $ 6000 in cash. He expends part of the 
sum for a house, and invests the remainder where it brings 
him an income of $ 250 per year. If in 4 years the amount 
invested together with the income of that time equals the 
amount paid for the house, how much is paid for the 
house ? How much is invested ? 

4. A boy bought a certain number of apples at the rate 
of 3 for 2 cents. He sold them at the rate of 6 for 5 cents, 
and gained 12 cents. How many apples did he buy ? 

6. A lady bought two pieces of cloth; the longer piece 
lacked 4 yards of being three times the length of the 
shorter. She paid $2 per yard for the longer piece, and 
$ 2^ for the shorter, and the shorter piece cost just ^ as 
much as the longer. How many yards were there in each 
piece ? 

6. The distance around a rectangular field is equal to 
10 rods more than five times the breadth ; and the length is 
1| times the breadth. What are the length and the breadth 
of the field ? 

7. A man spends \ of his annual income for his board, 
J- for traveling expenses, ^ for clothes, ^ for other ex- 
penses, and saves $ 380. What is his annual income? 

8. Of a company of soldiers f are on duty, ^ of the 
remainder are absent on leave, -^ of the whole are sick, and 
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the remaining 50 are off duty. How many soldiers are 
there in the company ? 

9. A farm of 450 acres was divided among A, B, and 
G so that A had | as many acres as B, and C had ^ as many 
acres as A and B together. How many acres had each ? 

10. A boy bought a certain number of apples at the rate 
of 2 for 1 cent. He sold half of the number for 1 cent 
apiece, and the other half at the rate of 2 for 1 cent. He 
gained 10 cents by the transaction. How many apples did 
he buy ? 

Suggestion. Let 2 x equal the number of apples. 

11. The length of a certain field is twice the breadth. 
If the length were f as much, und the breadth 1^ as much, 
the entire distance around the field would be 64 rods. What 
are the length and the breadth of the field ? 

12. Find a number whose half, third, and fourth added 
together equal the number plus 2. 

13. A man in business gained $ 100, and then lost ^ of 
all that he had. He afterward gained $ 150, when he found 
that his money was just equal to his original capital. What 
was the original capital ? 

14. Two numbers are to each other as 3 to 4. If 10 is 
subtracted from each, the smaller one will be f of the larger. 
What are the numbers ? 

Suggestion. Let 3 x and 4 x represent the numbers. 

16. A woman sold some eggs at 2 cents apiece ; but when 
she came to deliver them, four of the eggs being broken, 
she received only 192 cents. How many eggs had she ? 

16. Two numbers are to each other as 5 to 7. One half 
of the first plus the second equals one half of the second 
plus 12. What are the numbers ? 
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17. A said to B, "Give me 3100, and I shall have as 
much money as you have left." B said to A, "Give me 
$ 100, and I shall have three times as much money as you 
have left." How much money had each ? 

18. A man gained in business as follows : The first year 
$ 400 less than his original capital ; the second year $ 300 
less than the original capital ; and the third year $ 200 less 
than the first year. The gains of the three years amounted 
to $ 700 more than the capital. What was the original 
capital ? 

19. A mason, 5 carpenters, and 3 assistants receive 
together $ 191 for working a certain number of days. The 
mason receives $ 3 per day, the carpenters $ 2 J, and the 
assistants $ 1^. How many days do they work ? 

20. A man spent $ 300 more than ^ of his earnings each 
year. In 5 years he had saved $ 1000. How much did he 
earn each year ? 

21. A boy bought a certain number of apples at the rate 
of 4 for 5 cents, and sold them at the rate of 3 for 4 cents. 
He gained 60 cents. How many did he buy ? 

22. A boy spent ^ of his money and 2 cents more. He 
then spent ^ of what was left and 2 cents more, when he 
found that there remained 12 cents of his money. How 
much had he at first ? 

23\ A man bought a horse and wagon, paying twice as 
much for the horse as for the wagon. He sold the horse at 
a gain of 50 per cent, and the wagon at a loss of 10 per cent. 
He received for both $ 195. What did he pay for each ? 

24. A person engaged to reap a field of grain for $ 1 J 
per acre ; but leaving 6 acres not reaped, he received $ 12. 
How many acres of grain were there ? 
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142. Three unknown quantities. 

1. Given \ 3aj-f 2y4- «=10 

x + 3y-[-2z=13 



to find X, y, and z. 



Solution. 




2x + y + Sz = lS 


(1) 






Sx + 2y + z = l0 


(2) 






x + 3y + 2a = 13 


(3) 


(2) X 8, 


9« + 6y + 3« = 30 


(4) 


(1). 




2x + y + Sz = lS 




(4)-(l). 




7« + 5y= 17 


(5) 


(2) X 2, 


6x + iy + 2e = 20 


(6) 


(3), 




x + 3y + 2« = 13 




(6) -(3), 




6x + y = 7 


(7) 


(7) X 5, 




26x + 6y = S6 


(8) 


(6), 




7x+6y = n 




(8) -(6). 




18x = 18 


(9) 






x = l 


(10) 


Substituting (10) 


In (7), 


6+y = 7 


(11) 






y = 2 


(12) 


Substituting (10) 


and (12) in 


(1), 2 + 2 + 3a = 13 


(13) 






z = 3 


(14) 



The student will observe that by combining two of the given equa- 
tions one of the unknown quantities is eliminated, and that by com- 
bining another pair of the given equations the same quantity is 
eliminated. We have thus two equations containing two unknown 
quantities which may be readily solved. 



Find the value of each unknown quantity in the following: 



'■{ 



x-{-2y-{- z = 7 y 
x+ y+2z^9 



J 



2x-\-2y-\- 2 = 15 

Sx-i- y + 2z = 23 

x-3y + 2z = l\ 
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12d 



6. 



4. ^4a; — 3y — z= 6 
2aj + 2t/-2;=ll 

6. -^ 2aj+ y— 2= 4 
[ a? — 32^ + 52 = 44 J 

a? + y + 2 = 15 ' 
2a? + 2y— 2= 6 
a— y + 42 = 37 

aj + 2y- 2= 6^ 
4aj— y + 2z = 27 
2x-{-2y+ 2 = 31 

C3x-5y+2z= 6 

8. ^ 5iB+ y— 32= 14 
[4aj+2y— 42=— 4 

a? — y + 2 = 17 

9. -^ aj + 4y — 62= 4 
3a;-2y-32= 7 

-2aj+2y+2= 9 
5aj-32^= 7 
4y+ 2 = 31 



7. 



10. 



1 



11. -^ 



12.^ 



13. 



14. 



x-12y+2z=-20 

2x— y— 2= 7 

aj+ 2= 19 

^6a?- 2^+ 2 = 28' 
5aj + 22^-22 = 12 . 
2x'^2y- 2= 8 



I 



15. < 



4^ 8 

X, 2 
4 10 



2^4- 5. 
L4^ 5 



= 5 



= 5 



= 8 



-4--4- 2 



16. ^ 



^ + 2+2 
4 2 



a^ + y + l 



= 9 



= 10 



= 19 



17. 



x + y 
x-\-z 

U+2 




a? + y = 14 "j 
2y-32= 9 . 
5a?— z= 5 

2x- y = 9 
aj-22 = 3 
y-22 = 5 

MILNE^S EL. OF ALO. — 9. 



18. < 



y — x-{- 2 
z — y — x 
x + y+ 2 



2aj-3y = 

19. ^ 3y-42 = 

42 — 6aj = 



= - 5 
= -25 
= 35 

1 

7 
-32 
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20. 



X y z 3 

1_1 1^1 

X y z S 

L y z X 



22. < 



2x— y= G 
X'\-y — 2z = — 2 
4a; — 32/+2?= 11 



21. 



X y 
3_4^ 

y « 

2; X 



24. 



3 
5 

1 
6 

1 

2 J 



23. 



a? 



2 15"" 



2 

5 



5 



-— ^ =1 



?-y =0 

14 6 






25x-20y + 15z=:: 80^ 

15a;-25y + 202= 60 

20aj + 15^-252 = -40^ 



25. A farmer has sheep in three pastures. The number in 
the first plus ^ of the number in the second plus ^ of the 
number in the third equals 70. The number in the first 
plus \ of the number in the second miuus ^ of the number 
in the third equals 30. The number in the second plus ^ of 
the numbar in the first plus -^ of the number in the third 
equals 61. How many sheep are there in each pasture ? 

26. Henry, James, and Ralph together have 60 cents. 
Henry's and Ralph's money amounts to 35 cents; James' 
and Ralph's amounts to 40 cents. How many cents has 
each? 

27. A farmer has wheat, oats, and barley. The number 
of bushels of wheat and oats is 200 ; the number of bushels 
of wheat and barley is 190 ; and the number of bushels of 
oats and barley is 90. How many bushels are there of each 
kind of grain ? 



INVOLUTION. 



143. 1. What is a power of a quantity? An exponent? 

2. How many times is a quantity used as a factor in 
producing the second power? The third power? The 
fourth power? The fifth power? Any power? 

3. What sign has the second power of 4- a? The third 
power? The fourth power? Any power of a positive 
quantity ? 

4. What sign has the second power of — a? The third 
power ? The fourth power ? The fifth power ? The sixth 
power? Any even power of a negative quantity? Any 
odd power of a negative quantity ? 

5. Which powers of a negative quantity are positive? 
Which are negative ? 

6. What is the third power of a^? The fourth power? 
The fifth power? The sixth power? The nth power ? 

7. What is the third power of a^? The fourth power? 
The fifth power ? The sixth power ? The nth power ? 

8. How is the exponent of a power of a quantity deter- 
mined from the exponent of the quantity ? 

144. The process of finding a power of a quantity is 

called Involution. 

131 
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146. Principles. 1. All powers of a positive quantity are 
positive. 

2. All even powers of a negative quantity are positive, and 
all odd powers are negative, 

3. The exponent of the power of a quantity is equal to the 
exponent of the quantity multiplied by the exponent of the 
power to which the quantity is to he raised, 

146. Involution of monomials. 

1. What is the fourth power of 3aV? 

Solution. (3 oT-x'^y = 3 a^ics • 3 a^x^ . 3 aV • 3 a^a? = 81 a8«i». 

Rule. Raise the numerical coefficient to the required 
power ; multiply the exponent of each literal quantity by the 
exponent of the power to which it is to he raised, and' prefix 
the proper sign to the result. 



2. What is the third power of 



Solution, f 2a6^ V = 2a6i ^ 2a6? ^ 



2 gfta ^ 8 aW 
3x2y8 27 ay" 



In raising a fraction to a power, both numerator and denominator 
must be raised to the required power. 



Find the values of the i 


:ollowiug : 






3. {2^yy, 


10. ( 


[5:^fy. 


17. ( 


[^2a^by. 


4. {4:Xyz^y. 


11. ( 


[Sa^bc'y. 


18. ( 


;-10a«86)«. 


5. (-So^zy. 


12. ( 


{-2m^ny. 


19. ( 


yb^ifdy. 


6. (2a^by. 


13. 1 


[-4: amy. 


20. ( 


[- a'^b^my. 


7. (-4a52aj)8. 


14. 1 


[2 ab^dy. 


21. ( 


[-^2a^Vdey 


8. {-3c^dy, 


15. { 


[-6a^my. 


22. ( 


[-a^zy. 


9. {^m^yzy. 


16. 1 


[2x*yy 


23. { 


[3t?y^zy. 
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24. 
25. 
26. 
27. 
28. 
29, 

30. 
31. 



(2 ajy^*)*. 
(-262c"d2»)7. 

(5 a^bfz*y. 

{2a?hxy)\ 
\SmxJ 



fSa^yV 
\4: a^^J 



32. 



33. 



34. 



35. 



36. 



(- 



7?y7^ 
2 am^n 

af*yhj 

^5a^xyy 
\6 mnhj 

\4 mHT^J 



37. 



38. 



39. 



40. 



41. 



3«.n\8 



/8 a%Y 

[pyj ' 
( ?!lY. 

r b^cd* v . 



147. Inyolution of polynomials. 



= (a + 6) (a + 6) = a* + 2 a6 + fe^. 
:(a-6)(a~5)=a2-2a6 + 6-. 
: (a + 6) (a + 6) (a + 6) = a^ + 3 a% + 3 a6* + 6'. 
: (a - 6) (a - 6) (a - 6) = a^ - 3a26 + 3a62 - &». 
:a* - 4a'^6 + Ga-ft^ - 4a63 + 6^ 

By examining carefully the letters, the exponents, the coefficients, 
and the signs of the above powers, the student will be able to formu- 
late laws for writing out the powers of quantities. 

Raise to the required power : 



{a + by 

{a -by 

{a + by 
(a -6)8 

{a -by 



1. 


i^-yy^ 


8. 


(m-3n)l 


15. 


{a' + by. 


2. 


(3 a 4- 26)1 


9. 


{x + 2yy. 


16. 


{a + b + cy. 


3. 


(5a + 4c)2. 


10. 


(2a- 56)1 


17. 


(a + 6-c)« 


4. 


{x + yy. 


11. 


{Sx + 2yy 


18. 


(x-y-zy. 


5. 


(X - yy 


12. 


{Ax-Syy 


19. 


(2x+2y-z)\ 


6. 


(a + by. 


13. 


{a + by 


20. 


(a" + 6" + c")*. 


7. 


i^-yy^ 


14. 


{X + ly. 


21. 


(a"-6-'-c*")l 



EVOLUTION. 



148. 1. What are the two equal factors of 25 ? Of 36? 
Of 64? 

2. What is one of the two equal factors, or what is the 
second or square root of 25 ? Of 81 ? Of 100 ? 

3. What is one of the three equal factors, or what is the 
third or cube root of a^ ? OfSa^? Of27a«? Of8a«? 

4. What is the sign of any power of a positive quantity ? 
Since any power of a positive quantity is positive, what 
sign may one of the equal factors, or a root of a positive 
quantity have ? 

5. What is the sign of the second power of a negative 
quantity? The fourth power? The sixth power? Any 
even power ? 

6. Since any even power of a positive or negative quan- 
tity has the positive sign, what is the sign of the even root 
of any quantity ? 

7. What sign has the second power of — 3 ? The third 
power? The fourth power? The fifth power? What 
powers of a negative quantity are negative ? 

8. Since a power having the negative sign is the product 
of an odd number of equal negative factors, what is the 
sign of the odd root of a negative quantity ? 
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9. What kind of quantity used twice as a factor will 
give a product with the negative sign ? What kind, used 
four times ? Any even number of times ? 

10. Since no quantity used an even number of times as 
a factor will give a negative product, what may be said 
regarding an even root of a negative quantity ? 

149. One of the equal factors of a quantity is called the 
Root of the quantity. 

Thus, 3 is a root of 9, of 27, etc. ; a is a root of a', of a*, etc. 

150. Roots are named from the number of equal factors 
into which the quantity is resolved or separated. 

Thus, one of the tioo equal factors is called the second or square 
root ; one of the three equal factors, the third or cube root ; one of the 
four equal factors, the fourth root, etc. 

151. The root of a quantity is indicated by placing the 
sign ^, called the Radical Sign, before the quantity. 

A number or quantity called the Index is frequently 
written at the opening of the radical sign, to show what 
root is sought. 

Thus, \/a shows that the third root of a is sought ; Va, the fifth 
root, etc. 

When no index is written in the opening of the radical 
sign, the second or square root is indicated. 

152. The process of finding the root of a quantity is 
called Evolution. 

153. Principles. 1. An odd root of a quantity has the 
same sign as the quantity itself. 

2. An even root of a positive quantity is either positive or 
negative, 

3. An even root of a negative quantity is impossible or 
imaginary. 
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154. Eyolution of a monomial. 

1. What is the square root of 16 aV? 



PROCESS. 



Explanation. Since in squaring a 
monomial we square the coefficient and 
V16 O^oi^ = ± 4 a'a;* multiply the exponents of the letters by 

2, to extract the square root we must 
extract tiie square root of the coefficient, and divide the exponents of 
the letters by 2. 

The sign of the root is either plus or minus (Prin. 2). Hence the 
square root of the quantity is d: 4 a^. 

EuLE. Extract the required root of the numerical coeffi- 
cient; divide the exponent of each letter by the index of the 
root sought; and prefix the proper sign to the result. 

The root of a fraction is found by taking the root of the numerator 
and of the denominator separately. 



Find the values of the following : 



2. V4a%^. 

3. -v/s^y. 



4. V25 icy. 

5. ■</- 27 m^n*. 

6. ■\/Uo^^. 

7. -yf^^TO^^^. 

8. ■\/-12b3(^fz'^. 

10. ViOmV. 

11. a/81 aWh\ 

12. ^-32a^V^3^. 



3. -v^V^. 

4. V— 64a5*'3/'2^ 



5. VlOOa^W^. 

6. </-343mV2". 

7. -i/a^z^. 

8. •v/a«»6«c"». 

9. ■v^-32m%^a25^^ 

0. . /i^. 



21. 



9aJ*/ 



1 25 m*n 
\ 36 a'06' 



22 



8/_8aW^ 
\27iB«t/'V 



27 iB«y' V^ 
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23 



. AI^^L 25. J 

\ 343 aj^t/" \ 



81a;y 
343aj^y" \144m%» 



24. .-/^^ 26. J 






155. To extract the square root of a polynomial. 

1. Since a*+ 2 a6 + 6* is the square of (a + 6), what is 
the square root of a^ + 2 a6 + 6^? 

2. How may the first term of the square root be found 
from the first term of a* + 2 a6 + 6^? 

3. Since the first term of the root is found to be a, how 
may the second term be found from 2 ah, the second term 
of the power ? 

1. Find the square root of a^ + 2 a6 + 6^ 

PROCESS. 

a* + 2a6+62 | a + 6 



Trial divisor = 2 a 
Complete divisor=2 a + h 



2ah^W 
2ah'{-h^ 



Explanation. The quantities are arranged according to the 
descending powers of a. Since the first term of the quantity is a^, 
its square root a is the first term of the root sought. Subtracting a^ 
from the quantity, there is a remainder of 2 a6 + 62. 

Since the first term of the remainder is 2 ah^ if it is divided by 2 a, 
twice the root already found, the quotient h will be the second term 
of the root. 2 a, or twice the root found, is called the trial divisor. 
The complete divisor, or the divisor which multiplied by b will pro- 
duce the remainder 2ab -{• 6^, is, therefore, 2 a + 6. It is formed by 
adding to the trial divisor the second term of the root. Multiplying 
the complete divisor by b and subtracting, there is no remainder. 
Therefore a + 5 is the square root of the quantity. 
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2. Find the square root of aJ* — 6 or* + 13 ic* — 12 oj -f 4. 



PROCESS. 



a** - 6 ar^ + 1302 -12 a? + 4 \x^--Sx + 2 



x' 



2ar^-3a; 



-6aj8 4- Oaj^ 



2a^-6x + 2 



4i»2_i2a.h4 
4iB2--12a:-f 4 



Explanation. The process fr the same as in the previous exam- 
ple until the first two terms of the root are found. The first two 
terms are thus found to be «'-* — Sx. 

To find the next term of the root we consider x^ — 3 x as one quan- 
tity^ which we multiply by 2 for the tnal divisor. Dividing the first 
term of the remainder by the first term of this trial divisor, the third 
term of the root is obtained, which is + 2. Annexing 2 with its 
proper sign to the trial divisor already found, the complete divisor is 
obtained which is 2 x2 _ o x + 2. This when multiplied by 2 gives as 
a product 4 x^ — 12 x + 4, which subtracted from 4 x^ — 12 x + 4 leaves 
no remainder. Therefore, the square root of the quantity x* — Ox* 
-f 13x^ - 12x + 4 is x2 - 3x + 2. 

Rule. Arrange the terms of the polynomial with refer- 
ence to the consecutive powers of some letter. 

Extract the square root of the first term, write the result as 
the first term of the root, and subtract its' square from the 
given polynomial. 

Divide the first term of the remainder by twice the root 
already found, as a trial divisor, and the quotient will be the 
next term of the root. Write this result in the root, and annex 
it to the trial divisor to form a complete divisor. 

Multiply the complete divisor by this term of the root, and 
subtract the product from the first remainder. 

Continue in this manner until all the terms of the root are 
found. 
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Find the square root of the following : 

4. a*— 6a 4- 9. 

5. 16aj2 + 24ajy4-92/^ 

6. 9ar^-12a^ + 4.v2. 

7. 25m*-f-60m + 36. 

8. 100a2-20a + l. 

9. 81a2 + 90a + 25. 

10. 36a;' + 96ajy -1-642(1 

11. a2-f-6' + c--f-2a6-^2ac-26c. 

12. aj* + 2iB2/H-8a;-|-2(^ + 8y4-16. 

13. 7?-\-4:y^ — ^xy-'4:XZ-\-A:Z^-\-%yz, 

14. 4a2-f 962H-4-12a6H-8a-126. 

15. 4a«-f4a6-4a-h6'-26-f-l. 

16. a*-2a»-3a*H-4a-f4. 

17. 4a* + 4a:8-h5ar^H-2aj-f-i. 

18. 9a2 + c2-6ac-f-30a-10c-f-25. 

19. 16m*-f32m3-16m2-32m-fl6. 

20. 30a3-f39a2-f 25a*-fl8a + 9. 

21. Ilm2 + 6m^ + w^ + 6m + l. 

22. i:-\-4:X — ^y'\-Q^-\-y^ — 2xy, 

23. m* -f 6m® -f 9m' — 4 m'n — 12 mw 4- 4n*. 

24. 4a*-4a'6-|-6' + 24a'-126-f36. 

25. a* — 4a:8-f Sx* — 2aj-hi. 

26. a:'H-2iBy — 2*2; — 22/« + 3^ + 2*. 
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156. To extract the square root of numbers. 

12= 1 10^= 100 1002= 10000 

92 = 81 992 = 9801 9992 = 998001 

The student should observe carefully the number of 
figures required to express the square of units, tens, and 
hundreds in the above examples. 

The square of the smallest and of the largest number 
of each order is given, consequently the number of figures 
required to express the square of a number can be readily 
discovered. 

1. How many figures are required to express the square 
of any number of units ? 

2. How does the number of figures required to express 
the second power of any number between 9 and 100 com- 
pare with the number of figures in the number ? 

3. How does the number of figures expressing the secona 
power of any number between 99 and 1000 compare with 
the number of figures in the number ? 

4. If the second power of a number is expressed by 3 
figures, how many orders of units are there in the number? 

If by 4, how many ? By 5? By 7 ? 

157. Principles. 1. Tlie square of a number is expressed 
by twice as many figures as is the number itself, or by one less 
than twice as many. 

2. The orders of units in the square root of a number cor- 
respond to the number of periods of two figures ea>ch into 
which the number can be separated, beginning at units. 

The left-hand period may contain only one figure. 

158. If the tens of a number are represented by t, and the 
units by u, the square of a number consisting of tens and 
units will be the square of (t-\- u) or i^ + 2tu + uK 
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Thus, 36 = 3 tens plus 5 units, or 30 + 5, and 362 = 302 + 2(30 x 6) 
+ 62 = 1225. 

1. What is the square root of 1296 ? 

PROCESS. Explanation. According to Prin. 

1 2 Qfi I ^0 J- r ^* *^® orders of units in the square 

• yD[oU-hO root of a number may be determined 

^ ~ ^^ l>y separating the number into periods 



2t =60 
I* = 6 



396 of two figures each, beginning at units. 

Separating 1296 thus, there are found 
to be two orders of units in the root ; 
2t'\-u =66 1 396 that is, it is composed of tens and 

units. Since the square of tens is 
hundreds, and the hundreds of the power are less than 16 or 4^, and 
more than 9 or 3^, the tens' figure of the root must be 3. 3 tens, or 
30, squared is 900, and 900 subtracted from 1296 leaves 396, which is 
equal to 2 times the tens multiplied by the units plus the units squared. 
Since 2 times the tens multiplied by the units is much greater than 
the square of the units, 396 is nearly 2 times the tens multiplied by 
the units. Therefore, if 396. is divided by 2 times the tens, or 60, the 
quotient will be approximately the units of the root. Dividing by 60 
the trial divisor, the units are found to be 6. And since the complete 
divisor is found by adding the units to twice the tens, the complete 
divisor is 60 + 6, or 66. This multiplied by 6 gives as a product 396, 
which, when subtracted from 396, leaves no remainder. Therefore, 
the square root of 1296 is 36. 

Any number may be regarded as composed of tens and 
units; hence the process given above has a general appli- 
cation. 

Thus, 496 may be considered as 49 tens and 6 units ; 3843 as 384 
tens and 3 units. 

2. Find the square root of 61009. 

Solution. 6 • 10 • 09 | 247 

4 
Trial divisor = 2 x 20 = 40 
Complete divisor = 40 + 4 = 44 
Trial divisor = 2 x 240 = 480 

Complete divisor = 480 + 7 =r 487 



210 

176 
3409 
3409 
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Rule. Separate the number into periods of two figures 
each, beginning at units. 

Find the greatest square in the left-hand period , and write 
its root for the first figure of the required root. 

Square this root, subtract the result from the left-hand 
period, and annex to the remainder the next period for a new 
dividend. 

Double the root already found, with a cipher annexed for a 
trial divisor, and by it divide the dividend, TJie quotient, or 
quotient diminished, will be the second figure of the root. Add 
to the trial divisor the figure last founds multiply this complete 
divisor by the figure of the root found, subtract the product 
from the dividend, and to the remainder annex the next period 
for the next dividend. 

Proceed in this manner until all the periods have been used. 
The result will be the square root sought. 

Decimals are pointed off into periods of two figures each, by 
beginning with tenths and passing to the right. 

Extract the square root of the following : 

3. 729. 12. 9409. 21. 978121. 

4. 6561. 13. 55225. 22. .004096. 

5. 9604. 14. 26569. 23. 19.1844. 

6. 5329. 15. 13924. 24. 620.01. 

7. 7225. 16. 103041. 25. .00632025. 

8. 4356. 17. 180625. 26. 12.6025. 

9. 2916. 18. 253009. 27. 17.3056. 

10. 2401. 19. 185761. 28. 331.9684. 

11. 9025. 20. 265225. 29. 13.7641. 
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159. To extract the cube root of a polynomial. 

1. Since a^ + 3a% + 3 ah^ + h^ is the third power or cube 

of (a-|-6), what is the third or cube root of a' + 3a^6 
+ 3a62+639 

2. How may the first term of the root be found from the 
first term of the power, a? ? 

3. Since the first term of the root is known to be a, how 
may the second term of the root be found from the second 
term of the power, 3a^6 ? 

4. Since a^ + Za^h-Jt^aV + h^ \^ the cube of (a 4- 6), 
after the cube of the first term of the root has been sub- 
tracted from a' -|- 3a^6 + 3a6* 4- ^^ by what quantities must 
6, the second term, be multiplied to make the entire power ? 

1. Find the cube root of aj* + 3a^y + ^xy^ -\- y^, 

PROCESS. 

a^ 



Trial divisor =3aj' 

Complete divisor =z3a^'\-Sxy -^y^ 



Six^y-^Sxy^ + f 



Explanation. Since, if the quantity is a cube, one of the terras is 
a cube, the first term of the root is the cube root of x^, which is x. 
Subtracting «* from the quantity, there is left 3 x^y _)_ 3 xy^ + y^. 
Since the second term of the root can be found from the first term of 
the remainder by dividing it by three times the square of the root 
already found, the second term of the root of the quantity will be 
found by dividing Sx^ by Sx'^, the trial divisor^ which gives y for the 
second term of the root. Since the last three terms of the cube of 
a binominal are composed of the product of the second term by three 
times the square of the first, three times the product of the first multi- 
plied by the square of the second and the cube of the second, 3 x^ 
+ 3 ajy 4- y^ is the complete divisor. 

The complete divisor multiplied by y is 3 x^y + 3 xy^ + y*, and this 
subtracted from the given quantity leaves no remainder. Therefore, 
x + y \a the cube root of ^ -\- S x'^y + Sxy^ -\- y^. 
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If {x + y + z) is raised to the third power, the first two 
terms may be represented by a, or the cube of (« + y + 2) 
may be represented by a^ + 3 ah + 3 02^ -f- 2r\ in which a 
stands for (oj + y). Hence it is apparent that the cube 
root of a quantity whose root consists of more than two 
tei*ms may be found precisely as in Example 1, by consider- 
ing the terms already found aa one term. 

2. Fmd the cube root of a« - 3a* + 6a* -7a» + 6a^ 
-3a + l. 
Solution. a8-3aH6a*-7a8+6a«-3a+l[a^-a+l 



3a* 

3a*-3a8+a2 

3a*-6a8+3a2 
3a*-6a8+tJa^-3a + l 



-3aH6a*-7a8 
-3aH3a*- a« 



3a*-6a8+6a*i-3a+l 
3a*-6a8+6a2_3a+l 



Rule. Arrange the polynomial vnth reference to the consec- 
utive poioers of some letter. 

Extract the cube root of the first term, write the result as the 
first term of the root, and subtra,ct its cube from the given 
polynomial. 

Divide the first term of the remainder by three times the 
square of the root already found, as a trial divisor, and the 
quotient will be the next term of the root. 

Add to this trial divisor three times the product of the first 
and second terms of the root, and the square of the second 
term. Tlie result will be the complete divisor. 

Multiply the complete divisor by the last term of the root 
found, and subtract this product from the dividend. Con- 
tinue in this manner until all the terms of the root are found. 

Find the cube root of the following : 

3. a^ + 3a^b-\-Sab^-^b\ 5. ar» + 6a^ + 12aj + 8. 

4. x'-Sx'y + Sxy^-f. 6. 27a8-|- 27a* + 9a + 1, 
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7. 27a^-27a^y + 9a^*-3^. 

8. a:^ + 12aj* + 48ic2 + 64*. 

9. 8 m' — 12 m^n + 6 mn^ — n*. 

10. aj^ + Saj' + Saj^ + a^. 

11. a«m» + 6a*m% + 12am62 + 8y. 

12. 8a«-60aV + 150aV~125c«. 

13. 27 + 546 + 36&« + 86». 

14. l + 3a + 3a* + a». 

16. m« + 18 m* + 108 m* + 216. 

16. 8a^ + 36ajV + 54a^ + 273^. 

17. 64a* + 576aY + 1728a^y + 1728y». 

18. «* — Saaj' + SaV-Sa^aj-a^. 

19. 8a^-84a^ + 294aj-343. 

20. 343 a^ + 688 a^y + 336 a;t/2 4- 64 2/8. 

21. a» + 9a«y + 27a36« + 27^». 

22. 8a:^ + 72aj*y2 + 216ajy + 216y». 

23. a«y-9a*&« + 27a«6-27. 

24. l + 9aj + 27a^ + 27a^. 
26. m^ — 3m*n + 3mV-n3. 

26. a^-6aj* + 15aj*-20a^ + 15a,'2-6aj + l. 

27. a«-9a* + 33a*-63a3 + 66a*-36a + 8. 

28. a:^-3aj* + 6aj'-3a;-l. 

29. 27m«~135m* + 171m* + 56m»-114m*-C0?n-8. 

30. 8a!« + 36aj*.y4-42a^y^-9ar^^-.21aV + 9aj2/^-/. 

31. l-9aj + 39a^-99ar'+156a^-144aj' + 64a:*. 

32. l + 12a;4-60a:2^1gQaj3^240a^ + 192a:» + 64a^. 

MILin&*8 EL. OF ALO. — 10. 
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160. To extract the cube root of numbers. 

1^= 1 103= 1006 1008= 1000000 

38= 27 368= 46656 3618= 4704488I 

98 = 729 998 = 970299 9998 ^ 997002999 

The student should observe carefully the number of 
figures required to express the cube of units, tens, and 
hundreds in the above examples. 

The cube of the smallest, of the largest, and of an inter- 
mediate number of each order is given, consequently the 
number of figures required to express the cube of any num- 
ber may be readily discovered. 

1. How many figures are required to express the cube 
of any number of units 9 

2. How does the number of figures required to express 
the cube of any number between 9 and 100 compare with 
the number of figures expressing the number ? 

3. How does the number of figures required to express 
the cube of any number between 99 and 1000 compare with 
the number of figures expressing the number ? 

4. If, then, the cube of a number is expressed by 4 
figures, how many orders of units are there in the root? 
If by 5 figures, how many ? If by 6 figures, how many ? 
If by 8 figures, how many ? 

5. How may the number of figures h\ the cube root of a 
number be found ? 

161. Principles. 1. The cube of a number is expressed 
by three times as many figures as the number itself, or by one 
or two less than three times as many. 

2. The orders of units in the cube root of a number corre 
spond to the number ofpenods of three figures each into which 
the number can be separated, beginning at units. 

The left-hand period may contam one, two, or three figures. 



EVOLUTION. 



147 



162. If the tens of a number are represented by t, and 
the units by Uy the cube of a number consisting of tens and 
units will be the cube of {t'\-u) or ^ -}- 3fu -}- 3^1*^ -}- v?. 

Thus, 35 = 3 tens + 5 units, or 30 + 5, and 368 = 308 + 3 (30^ x 5) 
+ 3 (30 X 62) + 53 = 42876. 

1. What is the cube root of 74088 ? 



' 


PROCESS. 


74.088 40+2 
64 000 


Trial divisor 


3^^ = 4800 

3^w= 240 

?^2= 4 


10088 


Complete divisor 


= 5044 


10088 



Explanation. According to Prin. 2, the orders of units may be 
determined by separating the number into periods of three figures 
each, beginning at units. Separating 74088 thus, there are found tc 
be two orders of units in the root ; that is, it is composed of tens 
and units. Since the cube of tens is thousands, and the thousands 
of the i)ower are less than 125 or 58, and more than 64 or 48, the tens' 
figure of the root must be 4. 4 tens, or 40, cubed is 64000, and 64000 
subtracted from 74088 leaves 10088, which is equal to three times the 
tens^ X the units + 3 times the tens x the units^ + the units8. 

Since three times the tens^ is much greater than three times the 
tens multiplied by the square of the units, 10088 is a little more than 
three times the tens squared multiplied by the units. If, then, 10088 is 
divided by 3 times the square of the tens, or 4800, the trial divisor^ 
the quotient 2 will be the units of the root, provided proper allowance 
has been made for the additions necessary to obtain the complete 
divisor. 4800 is contained id 10088 twice ; consequently the second 
figure of the root or the units is 2. 

Since the compl'^/t?. divisor is found by adding to three times the 
square of the tens, threfe times the tens multiplied by the units, and 
the square of the units, the complete divisor will be 4800 + 240 + 4 or 
6044. This multiplied by 2 gives as a product 10088, which, sub- 
tracted from 10088, leaves no remainder. Therefore, the cube root of 
74088 is 42. 
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Since any number may be regarded as composed of tens 
and units, the process given above has a general application. 

2. What is the cube root of 1860867 ? 



SOLUTION. 



1.860.867 1 123 
1 



Trial divisor = 3(10)2 = 300 

3(10 X 2) = 60 

22= 4 



Complete divisor 




= 364 


Trial divisor = 3(120)2 


= 43200 


3(120 


x3) 


= 1080 




32 


9 



Complete divisor = 44289 



860 



728 



132867 



132867 



Rule. Separate the number into periods of three figures 
each, beginning at units. 

Find tlie greatest cube in the left-hand period^ and write its 
root for the first figure of the required root Cube the root, 
subtract the result from the left-hand period, and annex to the 
remainder the next period for a dividend. 

Take three times the square of the root already found with 
a cipher annexed, for a trial divisor, and by it divide the 
dividend. The quotient or quotient diminished will be the 
second figure of the root. To this trial divisor add three times 
the product of the first part of the root with a: cipher annexed, 
multiplied by the second paHf'a4iid*fU9Oth0i^gpftlfe of the second 
part, Tlieir sum will be the compkte ^iifitffftJ'r 

Multiply the complete divisor by the second part of the root, 
and subtract the product from the dividend. Continue thus 
until all the figures of the root have been found. 

Decimals are pointed off into periods cf three figures each, by 
beginning at tenths and passing to the right. 
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3. What is the cube root of 95256152263 ? 



Solution. 



95 . 266 . 162 • 263 [4667 
64 



4800 


3l26t{ 


60C 




26 


• 


5426 


27126 






4131162 


607500 




8100 




3( 


5 




61663( 


3693816 




437336263 


62380800 




95760 




4{ 


) 




62476601 


) 


437336263 



Ad abridged method of extracting the cube root of a number is pre- 
sented on page 339 of the author^s Standard Arithmetic. 



Extract the cube root of the following : 
4. 671787. 12. 16581376. 20. .015626. 



6. 148877. 

6. 262144. 

7. 250047. 

8. 704969. 

9. 912673. 

10. 314432. 

11. 614126. 



13. 44361864. 

14. 100544625. 
16. 5545233. 

16. 34965783. 

17. 41063626. 

18. 68417929. 

19. 743677416. 



21. 43614208. 

22. 13312053. 

23. .004019679: 

24. .000166375. 
26. 28.094464. 

26. 130323.843. 

27. 48.228644. 



QUADRATIC EQUATION S. 



-to* '^ 



PURE QUADRATIC EQUATIONS. 

163. An equation of the second degree is called a Quad 
ratio Equation. 

164. An equation which contains only the second powei 
of the unknown quantity is called a Pure Quadratic Equation. 

165. A value of the unknown quantity in an equation 
above the first degree is called a Root of the equation. 

1. Given 2 iB* — 5 = 45, to find the value of x. 

Solution. 2 ac^ _ 5 = 45 

2 a;2 = 45 + 6 

2 a;2 = 50 
a;2 = 25 
Extracting the square root, a; = ± 5 

2. Given ax^ -{- c = bx^ -\- d, to find the value of x. 

Solution. ax^ -\- c = bx^ + d 

ax'2 — bx'^ = d — c 
(a — 6)x2 = d — c 

a — b 



Extracting the square root, x= ± \j 



— c 
b 
160 
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Find the values of x in the following equations ; 
*. x''-4: = 12, 12. 15x'-'6==7x'^m. 

4. a^ + l = 10. 13. x{x-4:)=:-^x^-^x-{-S. 

5. 2x'-5 = x' + 20. 14, x-2_ 12 



6. 3a^-15=z57'\-a^. 



x-\-2 



^ ^^1 ^^A ^^' 20^2-8 = 1 + 7. 

7. ar4-l;=-r + 4. 3 



4 
8. 6aj2~2 = 2a^ + 25. 



16. a;(2a;+3)=a^+3a;+81. 



9. a:2^i8 = 22-.3a;2 17. -^— + 8-42. 

10. 30^-29 = ^ + 510. 1^- a:'-0 = a2-6a. 

11. 8 a2_^ 2 = 42 -2 0:2 • ~ = 

20. oj(oj - 2 a) = 2 0:2 _ 2 aoj-a^. 

PROBLEMS. 

166. 1. If to four times the square of a certain number 
3 is added, the sum is 19. What is the number ? 

3. Two numbers are to each other as 2 to 5, and the sum 
of their squares is 261. What are the numbers ? 

Suggestion. Let 2 x and 5 x represent the numbers. 

3. If a certain number is increased by 1 and also 
diminished by 1, the product of the sum and difference is 
48. What is the number ? 

4. The area of one square field is twice that of another, 
and both together contain 867 square rods. What is the 
length of a side of the smaller ? 

Suggestion. Let x represent length and x^ area of smaller field. 

5. A lady paid $ 36 for a certain number of yards of 
cloth. She paid \ as many dollars per yard as there were 
yards in the piece. How many yards were there ? 
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6. What number is that whose square plus 18 is equal 
to half its square plus 30J ? 

7. There is a rectangular field whose breadth is f of its 
length. After laying out ^ of the field for a garden, there 
remain 54 square rods. Find the length and the breadth 
of the field. 

8. Two young men were conversing about their ages. 
The younger said, " I am 25 years of age." " Then," said 
the older, " the sum of our ages multiplied by the difference 
equals 51." What was the age of the older man ? 

AFFECTED QUADRATIC EQUATIONS. 

167. 1. What is the square of a? + 1 ? Of a? + 2 ? Of 
x-^-S? 

2. How may the first term of a binomial be found from 
its square ? 

3. Since the second term of the square of a binomial is 
twice the product of both terms, how may the second terra 
of the binomial be found when the first term of the binomial 
is known ? 

4. Add a quantity to a;^ -f 2.t that will make it a perfect 
square. How is the term found ? 

5. Add a quantity to qi^'{- 10 x that will make it a perfect 
square. How is the term found ? 

168. An equation which contains both the first and 
second powers of an unknown quantity is called an 
Affected Quadratic Equation. 

Thus, x- -f 2 X = 8, 8x2 + 6x = 16, and ax- -\-bx = c are affected 
quadratic equations. 
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169. Firat method of completing the square. 

1. Given aj* + 8a = 20, to find the value of x. 

PROCESS. 

aj*+8a; = 20 
aj2 + 8aj + 16 = 20 + 16 
ajS4.8aj + 16 = 36 
a+4=±6 

aj = 6 — 4 or —6—4 
a; = 2 or -10. 

Explanation. The first member of the equation will be made a 
perfect square by adding the square of one half the coefficient of x 
to both members. One half of 8 is 4 and the square of 4 is 16. This 
added to each member gives a;^ -|- 8 ac 4- 16 = 36. Extracting the square 
root of each member, we have a; + 4 = ±6. Using the first value 
of a;, X = 2 ; using the second value of x, x = — 10. 

2. Given a;* + 3a; = 28, to find the value of x. 

Solution. x^ ^ 3 a; _ 28 

Completing the square, x^ + 3 x -f | = 28 + | or i|i 

Extracting the square root, a + | = ± V" 

Transposing, x = | or 4 

X = — Y or — 7 

3. Given 3a^ + 4 a; = 20, to find the value of x. 

Solution. 3 x^ + 4 x = 20 

Dividing by the coefficient of x«, x^ + J x = V" 
Completing the square, a?'' +!« + }= V + i or ^ 

Extracting the square root, x + | = ± f 

.-. x = 2 or -y 
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Find the values of x in the following equations : 

4. 9i^'\-Ax=zl2. 16. aj2-7aj = -6. 

5. a2-2aj = 15. 17. aj2-}-10a;=56. 

6. a^+Sx = SS. 18. 0^ + 12a; = 13. 

7. o^ + 6x = AO, 19. a^-30x = 64 

8. QC^-ex^T. 20. a^ + 14a; = 32. 

9. a^ -{-10x^11. 21. 3a^ + 6aj = 504. 

10. a:2_8a; = 20. 22. a^--9x = -'S, 

11. ic^^ 20a; =125. 23. ar*-28a; = 60. 

12. Sa^+6x = 24:, 24. o^^Haj^go. 

13. ar* 4- 5a; =14. 25. a;2_ i5a.^_35^ 

14. 2ar^ + 5a; =18. 26. ar^4- 2a; = 99. 

15. 3a;2__25a; = -50. 27. a^-3x=z4:. 

170. Other methods of completing the square. 

In the previous examples, when the square of the unknown 
quantity had a coefficient, the equation was divided by that 
coefficient so that the term containing the sqvxire of the 
unknown quantity might he a perfect square. 

The coefficient of the second power may always be made 
a square, all fractions avoided, the square completed, and 
the values of the unknown quantity found as follows : 

Rule. Multiply the equation by four times the coefficient oj 
the highest power of the unknown quantity ; add to thai: the 
square of the coefficient of the first power of the unknown 
quantity, and then find the value of the unknown quantity 
by extracting the square root, etc. 
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1. Solve the equation Sx^ -\-5x = S. 

Solution. 3 ac^ -j- 5 ^ = 8 

Multiplying by 12, etc., 36 ac2 + eo x + 25 = 96 + 25 or 121 

6a; + 5 = ±ll 

6ac = 6or -16 
05 = 1 or — f 

2. Solve the equation act^ + bx = c. 

Solution. ax^ -\- bx= c 

Multiplying by 4 a, etc. , 4 a^^ + 4 abx -\- b^ = i ac -{■ b^ 

2ax + b = ± V4 ac + b^ 



2ax = —b± V4ac-\-b 

X = - -^ ± r^ V4 ac + b 
2a 2a 

Solve the following equations : 

3. 3a^-4aj = 56. 14. 3i^-2hx = 3b\ 

4. 2a2 + «=21. 15. aj2 + 3aaj=10al 
6. Ax'^Sx^T. 16. 6ar^-5ar=:76. 

6. 2a?-9rc = -4. ^^ 3x2-a: = 70. 

7. 4:a? + 2x= 110. 

8. 2a2-6a; = 56. 



18. 3aj~ — = 26. 



X 



9. 5.^-4. = 288. ^^ 2.-^ = 9. 

10. 8a:2_ga,^2. ^ 

11. 7oc^-4:X=20, 20. a;(2aj-4) = a,-2 + 12. 

12. x^-^-Ux-lS^^O. 21. a.r2-4a: = a + 4. 

13. 2ic2 — 18aj = -40. 22. 2ax^ -bx = 2a'{-b. 

23. aj(4aj+3) = a.'2 4-90. 

24. (a:-4)(a;-f G) = 4aj + 56. 
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25. 2aj2-5ca; = ~2(^. 

26. Q^—'lox^^m? ^d^, 

27. {x-\-ay=^^Qx — (x — a)'. 

PBOBUSMS. 

171. 1. Find two numbers whose sum is 10 and whose 
product is 24. 

Solution. Let x = one number. 

Then 10 - « = the other. 

10x-a:2 = 24 
aJ2-10x = -24 
a?-10x + 26 = l 
x-5=±l 

X = 6 or 4 
10 - X = 4 or 6 

2. Divide 13 into two such parts that their product may 
be 36. 

3. The difference between two numbers is 6, and their 
product is 160. What are the numbers ? 

4. The difference between two numbers is 4, and the 
sum of their squares is 40. What are the numbers ? 

5. An orchard containing 2808 trees had 2 trees more 
in a row than tjhe number of rows. How many rows were 
there ? How many trees were there in a row ? 

6. A rectangular piece of ground is 5 rods longer than 
it is wide and contains 500 square rods. What is the 
length of its sides ? 

7. If four times the square of a certain number is 
diminished by twice the number, there is a remainder of 
30. What is the number ? 
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8. The difference between two numbers is 4, and the 
sum of their squares is 346. What are the numbers ? 

9. If 6 times the square of a certain number is dimin 
ished by 10 times the number, the result will be 304. What 
is the number ? 

10. A sum of f 224 is divided among a certain number of 
men in such a manner that each man receives $20 more 
than the number of men in the company. How many men 
are there ? 

11. There is a certain number which, being subtracted 
from 20 and the remainder multiplied by the number, gives 
a product of 100. What is the number ? 

12. A certain number of men pay a bill of $240. If 
each man pays $ 1 more* than the number of men, what 
amount does each man pay ? 

13. A lady paid $ 40 for some broadcloth. If the price 
per yard was $ 6 less than the number of yards she bought, 
how many yards did she buy ? 

14. A man bought some cattle for $ 100. If the number 
had been one more, the price per head would have been $ 5 
less. How many cattle did he buy ? 

16. A merchant sold goods for f 150, gaining a per cent 
equal to one half the number of dollars which the goods 
cost him. What was the cost of the goods ? 

Suggestion. Let 2x= the cost; then, — = the gain per cent, 

and -^ = the gain. 
100 

16. A man sold a quantity of goods for $ 39 and gained 
a per cent equal to the number of dollars which th^ goods 
cost him. How much did they cost ? 
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SIMULTANEOUS QUADRATIC EQUATIONS. 

172. The following solutions will illustrate some methods 
of solving Simultaneous Quadratic Equations. 



1. Given < 

( xy = 


^[ to find the values of x and y. 




Solution. 


x + y= 6 


(1) 




a^= 6 


(2) 


(1) squared, 


a;2 + 2 xy + y2 = 25 


(3) 


(2) X 4, 


4 xy = 24 


(4) 


(3) -(4), 


x2-2xy + y2= 1 


(5) 


Square root of (6), 


x-y=± 1 


(6) 


0) + W. 


2 X = 6 or 4 


(7) 




X = 3 or 2 


(8) 


Substituting in (1), 


y = 2 or 3 


(9) 



X -\-y =: 10 



2. Given •< „ o c ^ ^^ *^® values of x and y. 

(a;-+.r = 52) 



Solution. 






x + y= 10 
x2 + y2_ 52 


0) 

(2) 


Squaring (1), 




X2 


+ 2 xy + 2/2 = 100 


(3) 


(3) -(2), 






2xy= 48 


(4) 


(2) -(4), 




X2 


- 2 xy + y2 = 4 


(6) 


Square root of (5), 




a;-y = ±2 


(6) 


(6) + (l), 






2x = 12 or 8 
X = 6 or 4 


(7) 
(8) 


Substituting in 


(1), 




y = 4 or 6 


(9) 



X -\-y =: 5 



3. Given \ „ „ . ?• to find the values of x and y, 
( 2 ic^ -f / = 17 ) 



Solution. 



From (1), 



x + y= 5 


(1) 


2a^+y2 = 17 


(2) 


*= 6 — y 


(3) 



QUADRATIC EQUATIONS. 169 

Hence, 2 ac^ = 60 - 20 y + 2 y^ (4) 

Substituting (4) in (2), 60 - 20 y + 2 y2 4. y2 - 17 (5) 

Collecting terms, 3 y2 _ 20 y = - 33 (6) 

Completing the square, etc., y = 3 or 3f (7) 

Substituting (7) in (1) a = 2 or IJ (8) 



r X + y = 11 ) 
4. Given -! „ ^ . . r to find the values of x and y. 
I or — V == 11 ) 



a; +y =11 

Solution. x + y = 11 (1) 

x2-y2 = ll (2) 

(2)^(1) (Ax. 6), x-y= 1 (3) 

(l) + (3), 2x = 12 (4) 

x= 6 . (5) 

Substituting (6) in (1), y = 5 (6) 

Find the values of the unknown quantities in the follow- 
ing equations : 



5. 



6. 



7. 



(x+y=: 20| (3a;+ 2/ = 18 ^ 

(0^-2^ = 120) * 1 a^ + 22/2^43f 

r4aj + 42/ = 5j ja;4-y= 11| 

( 8ajy = 2) * Iaj2_y23^33f 

(x+y = 8| raj2 + 2/'=29| 

• taj2 + y2 = 32) ' ( a:y=10) 

j2aj+y=ll| ^^ ja;2_y2^102^ 

(2ar' + y' = 57) ' U -?/ = 3) 



9. 



a5 + y=5) _ (a; + y = 12 
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17. 



18. 



19. 



20. 



21. 



22. 



23. 



Ix +y =10) 

j2x +3y =16) 
(2a2__ y2^4g) 



(x-y= 4j 
1 2a;v = 10) 



r xy =^ 90^ 
(a^ + y2 = 181) 

(4:0^-2^= 92) 

r9a; — 2y= 8| 
I ajy = 10) 



x-y= 7 



( x — y=i) 



r a— y=9j 
Ut/4-8=0) 



27. 



28. 




= a 



a 



= ^-6^ 



a 6 
iB* y 



? = 3 



a^ 



6« 



PROBIiEMS. 

173. 1. The sum of two numbers is 16, and their product 
is 63. What are the numbers ? 

2. The sum of two numbers is 11, and the difference of 
their squares is 55. What are the numbers ? 

3. A is 4 years older than B, and the sum of the squares 
of their ages is 976. What are their ages ? 

4. The distance around a rectangular picture is 56 
inches, and its square surface is 192 square inches. Find 
the length and the breadth of the picture. 

6. There are two unequal square fields which together 
require 100 rods of fence to inclose them. If the sum of 
their areas is 325 square rods, what is the length of a side 
of each? 
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6. The difference between two numbers is 10, and the 
difference between their squares is 340. What are the 
numbers ? 

7. The sum of two numbers is 7, and the sum of theii 
squares is 29. What are the numbers ? 

8. A and B travel a certain distance in 3 days. A 
travels 10 miles a day more than B, and the square of the 
distance B travels per day subtracted from the square of 
the distance A travels per day is 500 miles. What is the 
entire distance, and how much of it does each travel ? 

9. A merchant received $10 for a certain number of 
yards of linen, and $ 9 for 20 yards more of cotton at 10 cents 
less per yard. How many yards did the merchant s^U of 
each? 

10. The area of a rectangular field is 1350 square rods. 
If its length and breadth were each lessened 5 rods, the 
area would be 1000 square rods. Find the length and the 
breadth? 

11. The sum of two numbers multiplied by their differ- 
ence equals 36, and the sum of the numbers is 18. What 
are the two numbers ? 

12. A merchant has 200 yards of silk and velvet. If 50 
times the number of yards of silk is subtracted from the 
square of the number of yards of velvet, the remainder is 
400. How many yards are there of each ? 

13. A rectangular and a square field joined each other. 
A side of the square field was half the length of the rectan- 
gular field, but less than its width, and the area of both fields 
was 2^ acres. What were the dimensions of each field, if it 
required 90 rods of fence to inclose them as one field ? 

MILNB^B BL. OT ALG. — 11. 
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1. 

174. 1. When o = l, 6 = 2, c = 4, d = 6, what is the 
value of 2a + y-a6 4-2c^cd-6c^ 

d'-'C-{-ab cd — h 

2. Find the sum of 3a(aj — y), 4a(a; — y), 2 6(a;— y), 
and 5(a; — y). 

3. Simplify (a-f 6)-(a + 10)-[a;~(3a; + 25)- 10]. 

4. Add7V«-8a;-f7a^, -6V« + 4a^-8a?, 7a^-8VS. 

6. Add aa;(a - 1) -f (6' - 2) -f y', 2 (6« - 2) - 3y^ 
+ 3aa;(a — 1), 5y^ — 6aa?(a — 1) — 6(6^ — 2), and subtract 
from the result 4 aaj(a - 1) + (^2 _ 2) - 7 f. 

6. What number added to three times itself equals a6? 

7. A man had property costing 46 dollars, 7 c dollars, 
5 he dollars, which he sold for $ 600. How much did he 
gain? 

8. From 205 a?' - 74 y^ ^ 89 c* subtract 35 aj* - 4 jr* - c^ 
4-15. 

9. Simplify X' -f y^ - \3?^f-- (2a:* - 4y«) - 2«}. 

10. What number subtracted from a times itself equals 
a«-l? 

11. Multiply i»* + 2a^y-f 4iB*y2^g3J2^^16y4i3y ^_2y. 

12. Expand (a;4-3) (a:- 4) (a; + 4) (a: - 3) {x - 1) (a; -f 1). 

162 
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13. YsxitoT 5 a^ — 10 axy -h 25 xy^ — 15 a^a^y^. 

14. Factor «« + a; - 156, a«-15aj + 56, a^-Sx-lO. 

15. If 7 quarts of milk cost 1 cent less than a cents, 
what will h quarts of milk cost ? 

16. With a dollars a man paid for 10 bushels of potatoes 
at c dollars per bushel, and received 2 dollars in change. 
Express this as an equation. 

17. Divide oJ* -f ojV + y* by o^ H- a?y -f 2/^. 

18. Factor a»-6«, 126 ic* - 64 2^, a^-Sl. 

19. Divide 2a^-.9aJ*-8a5'-l by aj»4-3aj*-f3a;-fl. 

20. Find the value of x in the equation bcx — ab = — dx 
-1. 

21. Factor 4a« + 36a + 81, 100a^-26y«, 9ix^-^2xy 

22. A merchant sold 6 pounds of coffee at b cents a 
pound, 6 pounds at c cents a pound, and b pounds at a cents 
a pound. What was the average price received per pound 
for the coffee ? 

23. Find the value of x in the equation ax — a^ — W 
= 2 06 — 6a;. 

24. Factor 8 aj* + 612, a^ft^-l, m?'h27, 
26. Solve (x — 6) (« 4- 4) = x{x — 6) + 8. 

II. 

26. Write out the following squares : 
{x + 2yy, (4a-36)2, (2m-.5)«, (305 + 1)^, (64-2a)2, 
(6a;-7y)«, (a^+lO)*, (m«-4nV, (x'-Syf, {3a + 5xy. 
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27. Write out the following products : 

(a: + 7) (a? -4), («; + 15) (oj - 15), (a: -f 10)(a: + 3), 
(a -12) (a: + 9), (2 a; + 5) (2 a; - 5), (m^ + 1) (m^ - 1), 
(a; -8) (a; -11), (a; + 15) (a; -14), (3a; + 7) (3a;- 7). 

28. Find the highest common divisor of 

3a«-48a, 2a^b-16b, and 5a^c-20c. 

29. Find the highest common divisor of 

a:^-^6x-{-9, a^-\-x-6, Soi^-^lx-e. 

30. Find the lowest common multiple of 

a^-^2x-S, a^-3x-{-2, a^-^-x-e, 

31. Find the lowest common multiple of 

a;2-.9, a;* +9 a; + 18, a;^ 4.33. -18. 

32. Keduce ^ "^^ "; — to its lowest terms. 

a^ — b^ 

33. Keduce — — — ^ — - to its lowest termSc 

a^-Sxy-lOy^ 

34. Simplify f — ^ + ^ ^^ 3«-y 



Simplify (- 

\x-^y x-yj x + y 

5 , /2a;2^i2 x'' + 9' 



35. Simplify —^X Z'? 

x + 3 \ 



5 3 



36. Simplify — — —4- 



4(1 + 2/) 4(2^-1) 2(2/2 -'1) 

«... c vf x(a — x) ^ a;(a + a;) • 

37. Simplify -r—^ ^ X , "^^ ' — f— ^. 

38. Simplify — -—^ ^ - 

a + 6 a/ — b^ 

«^ CI- i-ii. 3a — 46 2a — 5- c , 15a — 4c 

39. Simplify + —^ 
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40. A can do a piece of work in m days ; B can do it in 
n days. Express the part that each can do in one day. 
Express the part that both can do in one day, and the num- 
ber of days in which both can do the work. 

41. Solve 3£+6 + 10 = 35 + 2«±7, 

7 6 3 

42. Solve x{x-3) + ^ = x(x - 6) + ^. 

43. Solve a'-2_a; + 2 4 



ar'-4 x^-i x + 2 

44. Solvei^^^^-*^*±^ = !r. 

b a 

45. A farmer has one third as many horses as cows^ and 
one half as many cows as sheep. If there are a animals in 
all, how many are there of each kind ? 

46. Solve -55^ ^ = 9—^. 

X — a X —b x — c 

47. Solve — ^ + ^ ^ 



l-Bx 2a;-l 3x-l 

48. The sum of two numbers is a, and the first divided 
by m equals the second divided by n. What are the num- 
bers? 

49. The mth part of a certain number plus 10 equals m 
times the number minus 5. What is the number ? 

60. If a certain number is divided successively by a, 6, 
and c, the sum of the quotients will be 10. What is the 
number? 
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III. 



Solve the following equations : 

y 

y±l= 6 



■ (10a;-9v = 2> 



62. 



x + 



X + 1 , ic 



1 



63. < 



x-2 10-a? ^ y-10 " 
5 3 4 

2y + 4 2x-\-y _ x-{-13 



8 



64. < 



X y 



2^3 4 



66. < 



65. 



5 + 2^6 

a? y 



4a;4-12y = 5^ 
6a?- 32=2 >- 
16aj- 9z = l) 



' 5 15 25 ' 



4"^5 12 
3 4"^ 5 



= 62 



= 8 



= 17 




69. 



g — 2 _ 1 —a? 
1 4- « a»^ 



60 a? + 4 a;-4 ^10 
a? — 4 aj-f4 3 

61. a?* — 3 a; = 4. 



62. a*4-15aj = 34. 

63. ^ij^-x^z S3. 

64. a;* — 2 oa; = m* — a*. 

65. 2a«2— 5aj = 2a-f 5. 

66. 5aj* + 4a; = 9. 
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Solve by factoring : 

67. aj* — 6a? — 104 = 0. 

68. aj2_i8a; + 72 = 0. 

69. aj*- 12 a? + 30 = 68. 

70. What quantity multiplied by itself gives aj^ + 4art/ 
-6aj-f4y«-12y + 9? 

71. Extract the square root of 60,026. 

Find the values of x and y in the following equations : 

f x+2y=lli fa^-2/^ = 36| 

^^' \2a^-{- 2^ = 69) ^^' \x-y= 2) 

73. 1^-^^='^ ,, f-^ + 2.,-,-73| 

( 3xy =18) I x-y = 5j 

IV. 

76. One half of Tom^s money equals ^ of John's, and 
Tom has $ 12 more than John. How much money has each ? 

77. At a certain election there were two candidates ; the 
successful candidate had a majority of 60, which was ^ of 
all the votes cast. How many votes did the defeated 
candidate receive ? 

78. A lad spent on July 4th ^ of his money and 6 cents 
more for firecrackers, and ^ of his money and 4 cents more 
for torpedoes. If that was all of his money, how much 
had he? 

79. A man bought a number of sheep for $225; 10 of 
them having died, he sold ^ of the remainder at cost for 
$ 160. How many sheep did he buy ? 
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80. If to the numerator of a certain fraction 1 is added, 
the value of the fraction becomes 1 ; but if 3 is subtracted 
from the denominator, the value becomes 2. What is the 
fraction ? 

Suggestion. Let - represent the fraction. 

y 

81. A man bought 20 bushels of wheat and 15 bushels 
of corn for $ 36, and 15 bushels of wheat and 25 bushels of 
corn, at the same rate, for $ 32.50. What did he pay per 
bushel for each ? 

82. The sides of a rectangular court are to each other as 
3 to 4, and their surface is 2700 square feet. What are the 
lengths of the sides ? 

83. If f of the value of a carriage is equal to .f of the 
value of a horse, and the value of the carriage is $ 20 more 
than the value of the horse, what is the value of each ? 

84. The sum of two numbers is 34, and their product is 
285. What are the numbers ? 

85. A merchant, after selling from a cask of vinegar 15 
gallons more than \ of the whole, found that he had left 
just 4 times as much as he had sold. How many gallons 
did the cask contain at first ? 

86. The difference between two numbers is 6, and one 
half of their product equals the cube of the smaller. What 
are the numbers ? 

87. A company of 20 men and women paid a bill of $ 75. 
The men paid ^ of the bill, and by so doing each man paid 
f 1 more than each woman. How many men were there in 
the company ? How many women were there ? 
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88. A and B own flocks of sheep. If A sells to B 10 
sheep, they will each have an equal number ; but if B sells 
to A 10 sheep, A will have three times as many as B. 
How many sheep has each ? 

89. What are the two numbers whose difference is 8, 
and whose sum multiplied by their difference is 240 ? 

Suggestion. Let x + 4 and x — 4 equal the numbers. 

90. A grocer will sell 1 pound of tea, 2 pounds of coffee, 
and 1 pound of sugar for $ 1.00 ; or he will sell 2 pounds of 
tea and 6 pounds of sugar for $1.00; or he will sell 3 
pounds of coffee and 2 pounds of sugar for $ 1.00. What is 
the price per pound of each ? 

91. How far may a person ride in a stage, going at the 
rate of 8 miles an hour, if he is gone 11 hours, and walks 
back at the rate of 3 miles an hour ? 

92. I have two purses, one containing gold coins, and the 
other silver coins. The money in both purses equals in 
value twice the value of the gold coins ; and ^ the value of 
the silver coins, increased by ^ the value of the gold coins, 
equals $ 150. How much does each purse contain ? 

93. A man bought a horse, a cow, and a sheep for a 
certain sum. The horse and the sheep cost 5 times as 
much as the cow, and the sheep and the cow cost ^ as much 
as the horse . How much did each cost, if the cow cost $ 30 ? 

94. Pind two numbers, such that their product is 21, and 
their product added to the sum of their squares is 79. 

95. A merchant sold some goods for $ 96, thereby gaining 
as much per cent as the goods cost. What was the cost of 
the goods ? 

Suggestion. Let as = the cost ; then — = the gain per cent. 

100 



11V 



' ^ 



[.:■ 
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96. A and B have the same income. A saves ^ of his, 
but B, by spending $ 100 each year more than A, at the end 
of 5 years finds himself $240 in debt. What is the 
income of each ? 

97. A farmer had his sheep in 3 fields. ^ of the num- 
ber in the first field was equal to f of the number in the 
second field, and f of the number in the second field was 
f of the number in the third field. If the entire number 
was 434, how many were there in each field ? 

98. A boat's crew rows 12 miles down a river and back 
again in 2^ hours. If the current of the river runs 2 miles 
per hour, determine their rate of rowing per hour in still 
water. 

99. If the length and the breadth of a rectangle were 
each increased by 1, the area would be 120; but if they 
were each diminished by 1, the area would be 80. Find the 
length and the breadth. , 

100. A grass plot 9 yards long and 6 yards broad has a 
path around it. If the area of the path equals the area of 
the plot, what is the width of the path ? 

101. A and B traveled toward each other from two 
towns 247 miles apart. A went 9 miles per day, and the 
number of days before they met was 3 more than the num- 
ber of miles B went per day. How far did each travel ? 

102. Three equal square lots have an area of 193 square 
rods less than another square lot whose sides are each 13 
rods longer than the sides of each of the three equal square 
lots. Find the length of a side of each. 

103. A rectangular plot of ground is surrounded by a 
street of uniform width. If the plot is 50 rods long and 40 
rods wide, and the area of the street is 784 square rods, 
what is the width of the street ? 
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V. 

104. Find the liighest common divisor of a' + ic*, (a + «)', 
anda^-o*. 

106. Find the highest common divisor of 9a^ — 1, 9aj4-3, 
and (3a; -fl)*. 

106. Find the highest common divisor of a* — 2» — 3, 
ic* -f 4a; -f 3, and a;^ — 5a; — 6. 

107. Find the lowest common multiple of 3(a;*-f a^), 
H^ — f)y and 6(a;2 — 2/2). 

108. Find the lowest common multiple of a;^ -f 11 a; -f 30, 
a? -f 12 a; -f 35, and a;* ^ 133. ^ 42, 

109. Find the lowest common multiple of 12a^(a;* — ^), 
2 x{x -f y)*, and 3y (a; — yy. 

110. Reduce ^f^i^'^fj) to its lowest terms. 

4(a*o — ao*/ 

111. Reduce -- — ^ J^ ^ r to its lowest terms. 

a»-f3a2-f 3a-fl 

Change to equivalent fractions having their lowest com- 
mon denominator : 

„^ 8a;-f2 2a;-l ^ , 3a; + 2 

112. ' -z > ;; -i and '-—-' 

a; -2 3a; -6 5a; -10 

113. ^^, ^-^ , and -^+-^--. 
aJ»-.4 ar' 4-a-6 a;2^(5a.^9 

114. _«_, -^, and -i^ 

,-- 3 5 ^„, 2a; 
116. > — -> ana 



14-a; 4 + 4a; 1 — a;* 
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Simplify : 



a — x a + 2x {a — x)(a-\-2x) 
117. a?+y 2x ^ a^-a^ 

y »4-y yi^ — y^) 

Solve : 

118 a?-3 ^ x-d 1 
4(aj-l) 6(aj-l)"^9 

119. 7 ^_6. _3(l + 2a^), 
ic-f 1 a? — 1 ar — 1 



120. 



121. 



17 



_^4^21 + 2^_2^ 



5{x + 3) 5 3(aj+3) 
3a;-l 4aj-2 1 



2a;-l 3a;-2 6 
122. 



2aj-3 3a; + 2 x-2 

123. am-b + - = —' 

m b 

,„, 3005 — 26 ax — a ax 2 

124. — = • 

3b 2b b 3 

-rt_ aft , _ 1 

125. _ = 2>c + cZ + -. 

X X 

2 2 4 

126. ~-{-^-{-^ — 2ax-^bx-^cx. 
ac ab be 

-■ K'-i)^iei)=K^-j) 

,„o iB2 — 3-4-1 a^ + aj + l 2a; + l 

l^b. T = —• 

aj — 1 aj + l ar — 1 



GENERAL REVIEW. 



173 



VI. 



Solve : 

2x-3y-^ z= 1 
129. ^ 4aj-f-2?/— 32=13 
3a;— 5^+42; 

2 4 6 



:1 



131. ^ 



130. <l+y+^,=^ 

-4-7/ — :r- = 4: 

4^^ 12 



^ 



132. 



b a 

x-\-y—b _ a-\-y—x 
a b 

ax-\-by= (^ 
a b 



> 



^+y a+x 



x — a 



= c 



133. 



y — b 

a{x — a) 4-6(y — &) = — abc J 



134. 



X 



+ ^-^=2a 



a-\- b a^b 
4 aft 



Find the square root of the following : 

135. 8836. 139. .00103041. 

136. 5625. 140. .00450241. 

137. 106929. 141. 4782969. 

138. 10.4976. 142. 43046721. 

143. 4:X*-4:a^ + 13a?-(}X-\-9, 

144. 16a;* + 24a:8-f 39iB2 4-60a; + 100. 

145. x^-^2xy + y^-\-6xz-{-0yz-\-9;^, 

146. z^ — 2z-^l + 2mz—2m-{-mK 

147. ««-. 6 a^ + 17aj* - 34x8 ^45ar^__ 40^.^25. 
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Find the cube root of the following : 
148. 356400829. 151. 820.025856. 



149. 521660125. 

150. 102503.232. 



152. 8653.002877. 

153. 1.371330631. 



154. 8aJ«-t-48aar^-t-60aV-80aV-90aV-t-108a^aj-27a* 

155. 27m«-108m*-45m*4-440m34-105m2*-588m-343. 

156. a»-3a» + 8a^-6a«-6a* + 8a3-3a + l. 



VII. 



Solve : 



157. 



158. 



159. 



160. 



161. 



r xy= 7) 
(ar^ + 2/' = 50) 

( ay = 12 1 
U-2.v= 5) 



162. 



{ 



y= 1) 

(•^ = 19) 



0^ = 12 

a: — y= 1 
a?'{'Xy-\- y^ 

f x — y= a| 
i x-y=^ 2) 



164. 



1 + 1=6 
X y 

1-1 = 12 



a;* 



r 



163. ^ 



a b 
%^ = 4 



^x' + xy + f^ST^ 



165. The head of a fish is 8 inches long. The tail is as 
long as the head and ^ of the body, and the body is as long 
as the head and tail. What is the length of the fish ? 

166. A tree is broken into three pieces. The part stand- 
ing is 8 feet long. The top piece is as long as the part 
standing and \ of the middle piece, and the middle piece is 
twice as long as the other pieces. How high was the tree ? 
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167. A person, being asked the time of day, replied that 
it was past noon, and that ^ of the time past noon was equal 
to J of the time to midnight. What was the time ? 

168. A yacht, whose rate of sailing in still water is 12 
miles an hour, sails down a river whose current is 4 miles 
an hour. How far may it go, if it is to be gone 15 hours ? 

169. Three men engage to husk a field of corn. The 
first can do it in 10 days, the second in 12, and the third in 
15 days. In what time can they do it together ? 

170. Fifteen persons agree to purchase a tract of land, 
but three of the company withdrawing, the investment of 
each of the others is increased $ 150. What is the cost of 
the land ? 

171. C and D have the same income. C saves ^ of his, 
but D, by spending $ 65 more each year than C, at the end 
of 6 years finds himself $60 in debt. How much does 
each spend yearly ? 

172. I sold a bureau to A for \ more than it cost me. 
He sold it for $ 6, which was f less than it cost him. What 
did the bureau cost me ? 

173. A man agreed to work 16 days for $24 and his 
board, but he was to pay $ 1 a day for his board every day 
he was idle. If he received $ 14, how many days did he 
work ? 

174. A man can saw 2 cords of wood per day, or he can 
split 3 cords of wood after it is sawed. How much must 
he saw that he may be occupied the rest of the day in split- 
ting it ? 

175. A carriage maker sold 2 carriages for $300 each. 
Did he gain or lose by the sale, if on one he gained 25 per 
cent, and on the other he lost 25 per cent ? 
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176. A teacher agreed to teach 9 months for 9 562^ and 
his board. At the end of the term, on account of 2 months' 
absence, he received only $409^. What was his board 
worth per month ? 

177. How many acres are there in a square tract of land 
containing as many acres as there are boards in the fence 
inclosing it, if the boards are 11 feet long, and the fence is 
4 boards high ? 

178. The area of a square figure will be doubled if its 
length is increased 6 inches and its breadth 4 inches. Find 
the length of the side of the square. 

179. A certain iron bar weighs 36 pounds. If the bar 
had been 1 foot longer, each foot would have weighed ^ a 
pound less. Find the length of the bar and the weight per 
foot. 

180. The fore wheel of a wagon makes 6 revolutions 
more than the hind wheel in going 120 yards. But if the 
circumference of each wheel were increased 1 yard, the fore 
wheel would make only 4 revolutions more than the hind 
wheel in going the same distance. What is the circumfer- 
ence of each wheel ? 

181. How many quantities each equal to a^ — 2a + l 
must be added together to produce 5a^ — 6 a* + 1 ? 

182. There is a cistern into which water is admitted by 
three faucets, two of which are of the same size. When 
they are all open the cistern will be filled in 6 hours, but 
if one of the equal faucets is closed the other two will 
require 8 hours and 20 minutes to fill it. In what time 
can each faucet fill the cistern ? 

183. When ar^ + y^ = 25 and ^y-^-x'f^ 300. what are the 
values of x and y ? 
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175. How does the algebraic solution of a problem' differ 
from the arithmetical solution ? 

What are the letters used in algebra commonly called ? 

Define unknown numbers or quantities. 

What letters are used to represent unknown quantities ? 

What is an equation? 

Give the sign of equality ; the sign of deduction. 

What is an algebraic expression ? Illustrate. 

How do the uses of signs in algebra differ from their 
uses in arithmetic ? 

What is a power ? Give an illustration. 

What is an exponent ? Give an illustration. 

How are powers named ? What, also, is the second power 
called ? What, the third ? 

What is a coefficient ? When no coefficient is expressed, 
what is the coefficient ? Give an illustration. 

How should quantities inclosed in parentheses be treated ? 

What is an algebraic term ? 

Distinguish between positive and negative terms. Illus- 
trate each. 

Distinguish between similar and dissimilar terms. Illusr 
trate each. 

What is a monomial ? A polynomial ? A binomial ? 
A trinomial ? Give an illustration of each.^ 

Explain what is meant by using the signs + and — as 
signs of opposition. 
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When positive quantities are added, what is the sign of 
the sum ? 

What is the sign of the sum when negative quantities 
are added ? 

How is the sign of the result determined when both 
positive and negative quantities are added ? 

What kind of quantities can be united by addition into 
one term? 

How may dissimilar quantities be treated in addition ? 

What are the two cases in addition ? Give the rule. 

Define known numbers or quantities. What letters of 
the alphabet represent them ? 

Instead of subtracting a positive quantity, what may be 
done to secure the same result ? 

Instead of subtracting a negative quantity, what may 
be done to secure the same result ? 

Give the three principles in subtraction. 

Give the cases in subtraction. 

When is it necessary in subtraction to inclose the coeffi- 
cient of the answer in parentheses ? 

Give the signs of aggregation. What do they show ? 

How may the subtrahend sometimes be expressed ? 

When the subtrahend is inclosed in parentheses and pre- 
ceded by the sign minus, what must be done when the 
subtraction is performed ? 

Give the two principles relating to parentheses, or other 
signs of aggregation. 

How does the sign plus before parentheses affect the 
quantity inclosed ? 

When a quantity is changed from one member of an equa- 
tion to another, what change must be made in its sign ? 

What are the members of an equation? What is the 
first member ? The second member ? Illustrate. 

What is an axiom ? Give the six axioms. 
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What is transposition? Give the principle relating to 
transposition. Give the rule. 

How may the value of the unknown quantity obtained 
by solving an equation be verified ? Illustrate the process 
by an appropriate example. 

When a positive quantity is multiplied by a positive quan- 
tity, what is the sign of the product ? 

When a negative quantity is multiplied by a positive 
quantity, or a positive quantity by a negative quantity, 
what is the sign of the product ? 

When a negative quantity is multiplied by a negative 
quantity, what is the sign of the product ? 

Name the four ways of indicating multiplication. 

Give the three principles of multiplication. Give the 
cases in multiplication. Give the rules. 

What is the principle relating to the square of the sum 
of two quantities ? What is the square of x + y? 

What is the principle relating to the square of the dif- 
ference of two quantities ? What is the square of x — y? 

What is the principle relating to the product of the sum 
and difference of two quantities ? What is the product of 
(x + y)(x-y)? 

What is the principle relating to the product of two 
binomials which have a common term? What is the 
product of (x -f- 3) (« + 2) ? 

What are simultaneous equations ? Illustrate. 

Define elimination. Give the principle relating to elimi- 
nation by addition or subtraction. Give the rule. 

Illustrate the method of elimination by addition or sub- 
traction by the solution of a problem. 

What is the sign of the quotient when a positive quan- 
tity is divided by a positive quantity ? 

What is the sign of the quotient when a negative quantity 
is divided by a negative quantity ? 
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What is the sigQ of the quotient when a positive quan- 
tity is divided by a negative quantity, or a negative quan- 
tity is divided by a positive quantity ? 

How is the exponent of a quantity in the quotient found ? 

Give the principles relating to division. Give the cases 
in division. Give the rule under each case. 

What is a factor ? What is factoring ? Give the rule 
for factoring a polynomial all of whose terms have a com- 
mon factor. How may a polynomial be factored when 
only some of its terms have a common factor ? 

What is meant by " square root " ? Give the rule for 
separating a trinomial into two equal factors. When can 
a binomial be resolved into two binomial factors ? Give 
the rule for so factoring a binomial. 

What is a quadratic trinomial ? Illustrate the method 
of factoring a quadratic trinomial. 

What quantity will divide the sum of two cubes ? How, 
then, may the sum of two cubes be factored ? Give the 
factors oi a^-i-y^. What quantity will divide the difference 
of two cubes ? How, then, may the difference of two cubes 
be factored ? Give the factors of a^^y^. 

Explain the solution of the four kinds of equations by 
factoring. 

What is a common divisor? Illustrate the use of the 
common divisor by giving two or more quantities and 
a common divisor or factor of them. What is the highest 
common divisor or factor of several quantities ? Give the 
principle relating to the highest common divisor. 

What is a multiple of a quantity ? What is a common 
multiple of several quantities ? What is the lowest com- 
mon multiple of several quantities? Give the principle 
relating to the lowest common multiple. Find the lowest 
common multiple of two or more quantities which are 
monomials, and of two or more which are polynomials. 
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Define a fraction ; an entire quantity ; a mixed quantity. 
Illustrate each. What is meant by the sign of a fraction ? 
Give the principle relating to reduction of fractions. When 
is a fraction in its lowest terms ? 

Name the five cases under reduction of fractions, and 
illustrate by solving examples. Define and illustrate similar 
and dissimilar fractions. What is meant by lowest com- 
mon denominator ? Illustrate. Give the principles relat- 
ing to the lowest common denominator. Give the rule for 
reducing dissimilar to similar fractions. 

What effect has it upon the equality of the members of 
an equation to multiply both members by the same quantity ? 

How may an equation with fractions be changed into one 
without fractions ? What is meant by clearing an equa- 
tion of fractions ? Give the principle and the rule. 

If a fraction has the minus sign before it, what must be 
done when the denominator is removed ? If a fraction is 
multiplied by its denominator, what is the effect ? What 
kind of fractions can be added or subtracted ? What must 
be done to dissimilar fractions before they can be added or 
subtracted ? Give the principles. 

In what two ways may a fraction be multiplied, and in 
what two ways may it be divided by an entire quantity ? 
How should entire and mixed quantities be changed before 
multiplying ? How may an entire quantity be changed to 
a fractional form ? 

When may cancellation be used in multiplication of frac- 
tions? Solve an example in multiplication of fractions 
and one in division of fractions, making use of factoring 
and cancellation. Explain the reason for inverting the 
terms of the divisor in division of fractious. 

How may an unknown quantity be eliminated from two 
simple simultaneous equations by comparison ? By substi- 
tution? Give the rules. Illustrate by solving examples. 
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Define : equation ; members of an equation ; transposi- 
tion ; axiom ; simultaneous equations ; elimination. 

What is meant by the degree of an equation ? Define 
the term simple equation; quadratic equation. What is 
the degree of X'{-a = b? a^-{-2x = 4:? x-{-xy=6? 

Describe the method of solving, and solve a set of simul- 
taneous equations containing three unknown quantities. 

What is a power of a quantity ? How many times is a 
quantity used as a factor in producing the second power ? 
The third power ? The nth power ? 

What is involution ? Give the principles. Give the rule. 
How is a fraction raised to any power ? 

What is the sign of any power of a positive quantity ? 
What is the sign of any even power of a negative quantity ? 
Of any odd power of a negative quantity ? 

What is a root of a quantity ? How are roots named ? 

What is the radical sign ? What does it indicate ? What 
is the index of a root ? 

What is evolution ? Give the principles. Illustrate their 
application. Give the rule under each case of evolution. 

How is the root of a fraction found ? 

Explain the method of extracting the square root of a 
polynomial. Give the principles relating to square root of 
numbers. Give the rule and solve an example. 

How is the cube root of a polynomial found ? 1 llustrate 
by an example. Give the principles relating to cube root 
of numbers. Give the rule and solve an example. 

Define a quadratic equation ; a pure quadratic equation. 
What is the root of an equation ? Give an example of a 
pure quadratic equation and solve it. What is an affected 
quadratic equation ? Give an example. 

How many methods are given for completing the square ? 
Give the rule for each method and solve examples. 

Give four types of simultaneous quadratic equations. 



ANSWERS. 



Pages. —1. 30, John; 10, James. 2. 20 ba.; 40 bu. 8. 92000, 
A ; 9 1000, B. 

Page 9. — 4. 6. 5. 30 yr., father; 10 yr., son. 6. 15 and 60. 
7. 9200, horse ; 9400, carriage. 8. 100 pear; 200 cherry ; 400 

apple. 9. 80 yr., A ; 40 yr., B. ; 20 yr., C. 10. 7 and 42. 11. 6. 

15. 3, Jane ; 6, Hannah ; 30, Mary. 

Page 10. — 13. 4 cents, ink; 20 cents, pens; 72 cents, paper. 
14. 96, hat; 912, trousers; 942, overcoat. 15. 95, first; 9 l^t 

second ; 9 l^f third ; 920, fourth. 16. 20 sheep, 1st ; 40 sheep, 2d ; 
60 sheep, 3d ; 80 sheep, 4th. 17. 7, 42, 70. 18. 9 1000, A ; 9 100, B ; 
9400, C ; 94800, D. 19. 9 12, sUver watch ; 9 120, gold watch. 

20. 360 votes, A ; 90 votes, B. 21. 925, cow ; 950, wagon ; 9 100, 
horse. 

Page 11. —22. 92000, A ; 96000, B ; 96000, C. 24. 6 acres, 
potatoes ; 30 acres, oats ; 150 acres, wheat. 25. 9 1200. 26. 7 hens ; 
14 ducks; 98 chickens. 27. 9 and 27. 28. 9 gal.; 36 gal. 

Pagel2. — 29. 700, smaller ; 5600, larger. 30. 7. 31. 6 days. 
82. 11 yr., son; 55 yr., father. 34. 15. 35. 3. 36. 7 cows ; 
3 horses. 37. 4 bu. ; 14 bu. 

Page 13.— 38. 24. 39. 18. 40. 18 and 27. 41. 12. 42. 20. 
48. 9 marbles. 44. 12. 45. 80, 1st ; 160, 2d ; 20, 3d. 46. 6 and 30. 
47. 20, 40, and 60. 48. 9 200, A ; 9 100, B ; 9600, C. 49. 126. 

Page 14. — 50. 24, Henry ; 8, James. 51. 12 ^, May ; 4 ^, Julia ; 
2^, Hattie. 52. 30. 53. 500, history ; 1000, science, 400, fiction. 
54. 70. 55. 9 15, A ; 9 9, B ; 9 3, C. 56. 40. 

Page 15. — 58. 10 apples. 59. 9 5, 1st ; 9 10, 2d ; 9 35, 3d. 

60. 30, 1st ; 30, 2d ; 40, 3d. 61. 9500. 62. 48. 64. 14. 65. 4, 

16, and 14. 66. 5 and 20. 

Page 16. — 67. 9 300, 1st son ; 9 100, 2d ; 9 200, 3d. 68. 9 125, 
1st; 9 125, 2d ; 9(52.J, 3d ; 9 187 J, 4th. 69. 6^, Emma; 10^, Anna. 
70. 10 mi. ; 8 mi. 71. 60. 73. $500, 1st month. 

Page 17. — 74. llf mi., stage; 344 mi., steamboat; 277| mi., rail- 
road. 75. 12, Harry ; 4, Edward. ' 76. 9 100. 77. 9 2000, lot ; 
9 4000, house ; 9 1000, furnishing. 78. 10 trees in each of the 5 rows ; 
20 trees in each of the 8 rows. 79. 9 3 per day ; 9 1 per day board. 
80. 40 yr. 81. 93. 

198 
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Page 18. — 83. 4 quarter dollars ; 8 half dollars. 84. 9 1-26, 

man ; $ 1.25, wife ; $ .25 son. 85. 30 rods, length ; 15 rods, breadth. 
86. 30 ft. left standing ; 15 ft. broken off. 87. $400, 1st ; $ 200, 2d ; 
9 200, 3d. 88. $ 2000, Ist yr. ; $ 8000, 2d yr. ; $ 32,000, 3d yr. 

Page 22. — 1. 72. 2. 480. • 3. 72. 4. 360. 5. 13. 6. 10. 

7. 5. 8. 768. 9. 8. 10. 9. 11. 20. 12. 21. 13. 82. 14. 78. 

15. 25. 16. 16. 17. 45. 18. 8. 19. 4. 20. 18. 21. 586. 

22. 35. 23. 37. 24. 26. 

Page 27. — 1. 18a;. 2. 24 a&. 3. -20 win. 4. -25a;2y. 

5. 19 ax. 6. — 28 be. 8. 10 a. 9. xV- 10. — mx. 11. 5 y. 

12. 6 m. 13. 8 6c. 14. 10 xy. 15. x^z. 

Page 28. — 16. 8 win. 17. Ua^b. 18. 0. 19. 9(a6)2. 

20. 7(a-6). 21. 0. 22. 6(x + y). 23. 10(a-hby. 24. 6cd. 
25. {xyy. 2. 5a -7 6. 3. Sx + 7y-2z. 4. Sxy + Oy^ -\- Sz'\ 

Page 29. — 5. 4 c + 7 d. 6. 6 n - 2 wi. 7. 4 a + 6 6 + c. 

8. Sx^z+lOxz'^-Sxy. 9. bw-4y. 10. ^ a^b'^ - d c^ - cd. 
11. 2a6-l. 12. 12a-26?. 13. 7 wi4-6n-a;+5y. 14. 6y-h^z+2%o. 

16. -x^y-2xy^ 16. lla«+r. 17. 9a'^b^xP-Sed. 18. 9wi2+3win. 

19. 22 aa;8 - 28 ay^ + 9 as^. 20. 8 a^b + 8 a^bc - 20 62c* + 8. 

21. -10a8+17ax2-8a'^a;4-9a3. 22, (2+a-2 6)(c+d). 23. 2wi. 

Page 30.— 24. 10 ax +11 a. 25. 5(x + y)+ 92J-4. 

I. (a4- 6+8) barrels. 2. (wi+(?+6) cents. 3, (2 c+ 2 n) dollars. 
4. (a + 6 + 3) miles. 

PapoSl.— 6. (2 c+400) dollars. 6. 6+1; 6+2. 7. 4 J wi years. 
8. (c + (Z + 75) dollars. 9. 7 x ; ox. 10. (6 + c + (Z + 2) pounds. 

II. (m + n+p + g + r) dollars. 12. (a + 6 + d) dollars. 

13. (a+6 + c + 25) dollars. 

Fage34. — 3. 15 x. 4. 4a6. 5. bm^. 6. — 4xy. 7. -'2x^y^z. 
8. — 5mn. 9. 4x+4 2^. 10. 5a6 — c. 11. 4 6 — 4 d. 12. 3x + 2y. 
13.X + Z. 14. 4a + 36 + c. 15. 2a- 6. 16. 2x2 - 5y2 _ 4^:^. 

17. 6xy-h2z. 18. (a^ + 62)-3c-^ + 2d. 19. 3a(p + g)+5. 

20. 42f-3y+ 1. 21. 4x'^ + y + bz - Sv. 22. 5x - 3(y + 2?)+ 2. 

23. -2a-^ + 62-3c-^+4d^. 

Page 35. — 2. a«x. 3. 16x'^yz. 4. y-62;. 5. 3x2+ 13 y^. 

6. -66 + 2c. 7. 6a6-8c + 2d. 8. -x2-8xy + 2x. 9. 5ax 
'-6y + 2z^. 10. 8x5 - 29x^y^ + 8xy. 11. - 2 a6 + 5 6* - 8cd. 
12. 6x22/-6x2/2-3xy-3. 13. 3x"+4x'«2r+42r. 14. -4(wi+n2) 
-4(w2 + n). 15. 6x8 + 62/8 _32;3 + 4»-8. .16. -3(p + g) 

.-8(r + s)-10. 

Page 36. — 17. 20 wi^nx^ + 12 a26c2 - 4 a6d. 18. - a2 + c2 - 6 62. 
19. - 8xy. 20. X* + 2x2y2 -2y^. 21. Ox^y^ _ n y^s. 22. - x™ 

— 6 x"y"» + 5 y". 23. 5 6x8 + 3 a2/2 + 9 — 2 cy. 24. 4 m^ + win 

- 9 n2 - 22. 25. - 2 a^x - x^y - 3. 26. 11 x2y2 + 4 y2 _ ^2 _ 5. 
27. ic_y_2;-M. 28. 5 a262 - 17 6c + 9 &« - 4. 80. (a - 2)x 
+ (6 + 2)y. 31. (2 c- 5)x- (a + c)2/ + (a + S)z. 

Page 37. — 32. (c - 6)x - 2 a6y + (4 a^ - 3)62. 33. (2 a - 3 c) 
(x-y) + (4a6— 2a)x. 34. (a-6)x+(6-c)y+(c— d)«. 86. (3-6c)x 
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4- (7 + a)y + (8 - a)z. 36. (6a - c)y + (2c + a)z + (6 + d)x. 

37. - 6x + cy. 38. (7 - 2a)oc^ + (6o - 3)y^ + (6 + a6)«^. 

39. (w- mn + »)a;^ + (wi - n + 4)y2 + (1 - a)^;^. 40. (« _ 5) 
(x + y) + (« + 6) (x — y) + (c + d)x. 41. m — n. 42. x — 1*, x + 1. 
43. (125 - a) dollars. 44. (6 6 - 25) cents. 45. 30 - x. 
46. X = greater, x — 5 = less. 47. (d — 6 — c) dollars. 
48. (^a — m — n — 100) dollars. 

Page 38. — 49. (60 - 26 - a - c) dollars. 60. (3 a - 40) dollars. 
81. (6 + d + e -/) dollars. 

Page 39.— 2. 7. 3. 11. 4. 4. 5. 5. 6. 0. 7. 1. 8. 17. 

9. 8. 10. 16. 11. 4. 

Page 40. — 13. 25. 14. 21. 15. 10. 16. 17. 17. 7. 19. 11 x. 
20. llm-4n. 21. 6x2-llax. 22. 3a2+36H2a6. 23. 3xy-6. 
24. c-26 + 3. 25. 7a-66. 26. 36-a-c. 27. 6x. 

2S.2x + 2y + 2z. 29. ia^ - 6a + y + 1. 30. 3 n. 31. 2x2 + 2 y^. 
32. 4x. 33. 3x + 45. 34. a -6. 35. 2a + 3c. 

Page 44. — 2. x = 6. 3. x = 7. 4. x = 2. 5. x = 3. 6. x = 3. 

7. X = 2. 8. X = 7. 9. X = 4. 10. x = 3. 11. x = 5. 12. x = 9. 

13. X = 6. 14. X = 3. 15. X = 2. 16. x = 1. 17. x = 2. 18. x = 2. 

19. x=-l. 20. x = 4. 21. x = 9. 22. x = 2. 23. x = 6. 
24. X = 6. 25. X = 4. 26. x = 7. 27. x = 9. 28. x = 5. 29. x = 12. 
80. X = 8. 31. X = 1. 32. X = - 3. 33. x = 5. 34. x = 4. 
35. X = 16. 36. X = 4. 87. x = 2. 38. x = 8. 39. x = 2. 

40. x = 4. 41. x = 3. 42. x = 15. 43. x = 12. 44. x = 7. 
45. X = — 4. 46. X = 5. 47. x = — 1. 48. x = 6. 49. x = 9. 
50. X = 6. 51. X = 10. 52. x = 4. 53. x = 9. 54. x = 3. 
55. X = 4. 56. X = 10. 57. x = 3. 

Page 45.— 1. 4. 2. 12. 3. 2. 4. 14. 5. 5. 6. 37 cents, 
1st ; 27 cents, 2d ; 26 cents, 3d. 7. 3 cents, youngest ; 7 cents, 

next ; 10 cents, oldest. 8. 10 and 24. 9. $2000, B ; $6000, A. 

10. $ 12. 11. 5 miles, down hill ; 18 miles, level ; 9 miles, up hill. 
Page 46. — 12. $85, poorer horse ; $ 116, better horse. 13. 100 

gallons, first pipe ; 200 gallons, 2d pipe ; 300 gallons, 3d pipe. 

14. 325 cattle. 15. $ 5, chain ; $ 55, watch. 16. 18 women ; 22 
men; 50 children. 17. $42,800, cargo ; $77,200, steamer. 18. $600, 
clerk ; $ 1800, brother. 19. $ 7500, house ; $2500 lot. 

Page 50. — 3. 40. 4. -40rt. 6. -18a. 6. - llOx. 7. 108x. 

8. -42 6. 9. 61 c2. 10. -216x2. 11. 10xV«2. 12. 46x2y*. 
13. '-MM^zK 14. 126 mW. 15. _ I25a^68. 16. 4(a+6). 
17. - 20(x -y). 18. 6 ax H- 4 ay - 10 az. 19. 6 x^^^ - 6 xy^z. 

20. - 12 a2x2y + 20 xV _ 8 xy\ 21. a^b + 2 a262 -f abK 22. - 18 m^n 
-21m2n2- 15m?i8. 23. 9 x^- 18x^+45 x* + 9x8-27x2. 24. 108a*6^ 

- 160 a«68 + 48 a'^b^ - 72 a262. 25. 2 ax^ - 6 ax^y - 6 nx^z + 2 axy^z^, 
26. 12 a63 + 9 a^b^ - 15 aft* - Qa'^bK 27. 12 mH - 40 w2n2 - 32 mn^ 
28. -5x5-5x*-5x8-5x2-6x. 29. 18 a*62 _ 54 a^fts + 46 a262c2 

- 60 a«6^c + 42 a262. 

Page 51.— 4. x2 4-2xy + v2. 5. ^2 - n2. 6. a8+3a26 

+ 3a62 + 63. 7. 4a2-2562. g. a;«_6x-40. 9. 6y'^ + lSyz + 6z^. 
10. 9a2 - 4962. 11. 6x2 - 9x - 6. 12. 6 a2 + a6 - 15 62. 
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13. 6mH17wn+12n2. 14. 20y^-Z2yz-{-l2z^. 15. 6b^-hhc-40c^ 
16. 24 a;2 - 148 a: - 80. 17. 20 m'^ --^ liymn-{- 2b my- 20 ny. 18. x^ 
+ 7xy + 10y2. 19. l_x3. 20. a:^ - y-^ - 2^^ - 1. 2L 6x^-^Sxy 
-Sy\ 22. 2ai'{-ab-iac + 2bc-bK 23. 12a;2 4. i3a; _ 14. 
24. 24 a2c?»+ 48 acH 3 ac-^m+«c8. 26. 12 x^y'^ - 4S y^. 26. X'« + 2a:2/ 
+ y^ — awj — 2/2;. 27. a^ — 2ac-\-c^ — ab + be. 28. 2 a^ — ax — ay 
+ xy-x^. 29. 2x- + 13a:y-6x-302^ + 15y2, 

Page 52. — 30. 24x'^z^ -^ 4xy^z -Sy*. 31. w^ + 2?» - n^^ 1. 

82. 25x2-25x-30. 33. 9 x* - 33 x^ + 28 y*. 34. a^-\-4a'b 

+ 6a«62^4a68+6*. 36. 8x8 - 36x2y + 64xy2 _ 27 yS. 36. m^ - n». 

1. 2. 2. 4. 3. 40 yr., father; 10yr.,8on. 4. 26 ,^, Samuel ; 

'16^, John. 6. ^1600, A; $500, B. 6. 10 yr. hence. 7. $12. 

Page 53. — 8. 2 or 60. 9. 8xV«2. 10. 6?/ cents. 11. (ab + 6a) 
miles. 12. (4a —8) animals. 13. (20 a — Sd) dollars. 14. 12 a days. 
16. 2 6 dollars, A ; li c dollars, B. 16. 20 m cents. 17. (12 6-a6) 
dollars. 18. (600 - 40 c) gallons. 19. 10 ac dollars. 

Page 54. — 1. x2 + 2xy + 2^2. 2. b^ + 2bc-hc^. 3. m24-4m + 4. 
4. a* + 2ax4-a;'^. 6. x2 + 6x4-9. 6. y'^ + 2y+\. 7. 4x'^ + 4xy 
+ y2. 8. m*^+4?»7i + 4n'i. 9. 9 a^ 4- 6 a6 4- 6^. 10. 4x^+12xy 
+ 9y2. 11. a^ + 8a64-1662. 12. 4 w'^ 4- 8 w/i + 4 n^. 13. 4x2 
4-20X+26. 14. din^ + iim+l. 16. 4a2+20a6 + 25 62. le. a* 
+ 2 a262 + 54. 17. aj* + 6 x2 4- 9. 18. 4 w* 4- 12 mH'^ 4- 9 n*. 

19. a'^624.4a5c4-4c2. 20. 4x:^y'i-^4xyz-{-z^. 21. yHSyV+lO^*. 
22. x*4- 16x24-64. 23. 25a24-70a64-49 62. 24. 16a<4-24a2&2+9 64. 

Page 55.-1. a2 - 2 ax 4- x^. 2. 62 _ 2 6c 4- c2. 8. m'^ -2mn 
4-n2. 4. x2-4x4-4. 6. y'^ - 2 yz -^ z'^. 6. a2-6a64-962. 
7. 62-46c4-4c2. 8. 4x2 - 8xy 4- 4y2. 9. 62-106 4-26. 

10. y2_2y4-l. 11. a262 - 4 a6 4- 4. 12. x2-8x4-16. 13. 4a2 
-12a64-962. 14. m2 - 4 win 4- 4 n2. 16. 4 62-16 6^4-16^2. 
16. a* - 4 a262 4- 4 6*. 17. 6 V - 2 6cxy + xY- 18- 4 x* - 20 x2y2 
4-25y*. 19. 4a2-4ac4-c2. 20. 9m* -6^24-1. 21. 9?»2n2 
- 24 mn + 16. 22. y* - 12 y2 + 30. 23. 16 x» - 40 x-y ^ 25 y*. 
24. a262 - 4 a6c2 4- 4 c*. 

Page 56. — L a2 - 62. 2. m^ - n^. 3. a2 - x2. 4. 4a2-62. 
6. 4x2-2/2. 6. a2-16. 7. 4m2-9n2. 8. y^ - I. 9. x2 - 25. 
10. 4-2/2. 11. a262-9c2. 12. 4m2-4n2. 18. 62-4c2. 

14. 9x2-642/2. 15. X2-100. 16. b'^d^ - e^p, 17. 9x*-42/*. 
18. 26a2-9x2. 19. a* - 6*. 20. m2n2 - 16. 21. x2 - 36. 
22. 16 2/2 - 49 z\ 23. 9 x2 - 16 2/2. . 24. 4 a^62 - 26 c2. 

Page 57. —1. x2+7x4-12. 2. x2 4-4x-5. 3. x2-5x + 6. 
4. X2-X-42. 6. x2+16x4-60. 6. x2-10x-39. 7. x24-25x 
4-100. 8. x2 + 4x-32. 9. x2+ 12x4-27. 10. x^-6x-72. 
n. x2- 12x4- 35. 12. x2 4-10x-56. 13. x2 4-7x-8. 

14. x2-9x4-20. 

Page 58. — 15. x2 4- 9 x - 22. 16. x2 - 29 x 4- 100. 17. x^ 4- 20 x 
4-75. 18. x2-9x4-18. 19. x2 4-3x-18. 20. x2 4- 21 x 4- 108. 
2L X2 4-2X-120. 22. x2 4- 2 X|/ - 8 j/2. 153. ^^ ^ ^ ax -{■ 1 a^, 

i^. x2 4- 16x2/4-60^/2. 
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Page 60. —2. x = 4; y = 2, 8. « = 6;y = l. 4. a; = 6,y = 4. 
6. a; = 1 ; y = 3. 6. a; = B ; y = 7. 7. a; = 6 ; y = 7. 8. a; = 9 • 
y = 7. 9. x = l;y = 6. 10. a; = 6;y = l. 11. x = 8 ; y = 2. 
12. a; = 6; y = 13. 18. a; = 8 ; y = 9^. 14. a: = 2;y = 2. 16. a;=3 5 
y = 1. 16. y = 12; z = 2, 17. y = 4 ; 2; = 6. 18. x = 5 ; « = 3. 
19. x = 2;y=14. 20. x=16;y=15. 21. x=4;y=2. 22. y=3j 
z = \S. 28. X = 2 ; y = - 2. 24. x = 3 ; y = 2. 25. x = 6 ; y = 1. 

Page 61. — 1. X = 6 ; y = 4. 2. x = 8 ; y = 6. 8. $ 100, A j 
$200, B. 4. 10 yr., son ; 40 yr., father. 6. 10 marbles in one ; 16 
in other. 6. 60 A. at $ 30 ; 40 A. at $ 40. 7. 9 oranges ; 4 pears. 

8. $3000, A ; $2000, B. 9. 5 and 7. 10. $ 100, horse ; $35, cow. 

Page 62. — 11. $ 1|, man ; $ 1, wife. 12. 20 and 6. 18. 6 one- 
dollar bills ; 12 two-dollar bills. 14. $ 2, velvet ; $ 3, broadcloth. 
16. $ 13, A ; $ 11, B. 16. 5 cents, pad ; 3 cents, pencil 17. $ 2, 
mon ; $1, boys. 18. $ 1^, sawing ; $ ^, splitting. 

Fage65. 7— 8. 2. 4. 8. 6. —2. 6. — 6y. 7. 6a6. 8. — 3mn. 

9. 2a6x. 10. -Sy'^z. 11. -3x^. 12. 3 c. 

Page66.— 18. 6x2. 14. - xV- 16. 2xV- 16. -4 x. 17.4x8. 
18. -bed. 19. -Sxz\ 20. 8 ml 21. 65x22. 22. 5x2. 28. ax 

- 2 xy. 24. 3 X + 5 z'\ 26. 2 a^b'^ + 7 a. 26. ^2 _ 3;^ + 3. 27. 2 c 

— 7 d 28. 2 xy - X — 3 y. 29. 4 wn — 3 m — 2 n. 80. 5 6xy — 3 ax'-» 
-IcyK 81. x-4y22+6a2*. 82. Ox^ - 2x2 + 4x + 6. 33. Sabc 
-f4c-26c2. 84. 29m* + 20w2-28?»-2.3. 85. bx^z^-z 
-2x22-6x8y2. 86. x - 2x3+3x5-4x^ 87. 2x2y8+4xy2-3y*+6. 
88. 3x-2y + 4ox2-l. 89. x^-^-a^z-y^z+x^y^z^-ys^ 40. 10x22* 
+ 7 xy-3 0X22-4 by^. 41. 2 »x2 - 3 xy - 4 wys + 3 nx. 42. 1 - 6 
(X + y) + ab%x + y)'i 

Page 68. — 6. x + y. 7. w + n. 8. x2 + 2 xy + y2. 9. x + 3. 

10. x-f 6. 11. a -126. 

Page 69. — 12. x-2. 18. x2-7. 14. a^+i. 16. 6x-3. 16. x* 
+ x-f 3. 17. 4rt-36. 18. a^-ab+b'K 19. x2+2x+4. 20. a^-^y\ 
21. x-2. 22. x2 4-10x+14. 23. 2x-4y. 24. 17x-l. 25. «« 
-2ax + 4x2. 26. 9x2-6xy+4yl 27. 2x8-3x2-f2x. 28. x* 

-3x-y. 29. x2-5x-f6. 80. l-3x-f2x2-x8. 1. ^^. 

2. . — cents. 8. — apples. 4. -• 6. — cents. 
X 2 a 5 

, 1 «? jj 

Page 70. — 6. — days. 7. 3 a animals. 8. , James; 

a c + 1 

J^, Henry. 9. ^^^^-^ dollars. 10. iSL±l^ dollar, 

c+l' "^ b c 

11. 5L±A±_^ cents. 1. 5(x4-y)+9«-4. 2. 3a2_2&2_5a5. 

o 
8. 2x + 2y + 22. 4. 3x« + 5xy» + 4y« — 4. 6. 15(m-n) 

-J(w + w). 6. 7x+ 11x2 + 9x3. 7. Ja-i6 + c. 8. 8x'»y 

Page71.— 9. x2-422-(x4-y)2 + 8. 10. -a"x-2m-U. 
11. m^ + l. 12. a24-2a6+62+2ac+2ae+26c4-c2+26e+2cc+€2. 
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13. x6 - 32 y6. 14. x3 - 76 X - 240. 15. a* - 2 a^ja ^ 54. le. le a* 
-80a8+600a-625. 17. 2aH3a6+62. 18. a*-a8+a2-a+ 1. 

19. wi - c + 2:. 20. l-Sx + 2x^-T^. 21. 2x5 + 4x2 + 8x + 16. 
22. X = 2. 23. X = 4. 24. x = 6. 25. x = 7. 26. x = 10. 
27. X = 3. 28. X = 9 ; 2/ = 2. 29. x = 2 ; y = 4. 30. x = 8 ; y = 3. 
81. X = 4 ; y = 4. 

Page 72. — 82. $250. 33. 40 mi., 1st day ; 56 mi., 2d ; 60 mi., 3d. 
84. 7 days. 85. 10 days at $1 ; 10 days at $1J. 36. $60, father; 
940, David. 37. $25, overcoat; $30, clothes; $5, boots. 38. $3. 
89. 33^ pounds at 5 cents ; 6Q'i pounds at 8 cents. 

Page 74. — 2. 9x(2x-Sy). 3. 5x82^(3y -f- 4x). 4. 12m»2 
m-4n). 5. 6ac(6-c4-36'2). 6. 2x(3x + 2y - 4x2). 7. 3x*2^ 
3y-2 + 42j). 8. 3a26(2o2 4. 7 _6a62). 9. ab(Sa-c-d), 
10. 6a862(a68 4. 6 - 76). 11. ba^b\Sb^ + 4ab^ - 6a^\ 

12. 10w2(2m - 6 + 3w2). 18. xy2(l + 9« + 27 x^y). 

14. 5w(am + 2n + 3n2). 15. bx^yz(9y ■{- 12z). 

16. 13x22^(3y2 _ 6x + 7y2). 17. 8a866(4 + 12a862 _ a*68). 

18. 5a(5n + 16?»2 - 3^2). 19. 6x8 (3a - 7y8 - 116). 

20. 16x*(362 + 4y - 2z). 21. 36a2y8(2ay - 1 - 3y2). 
2. (x + y)(a4-6). 3. (6 + 3)(a + 2). 4. (x + 3)(y + 3). 

5. (x + y)(a-6). 6. (xy4-6)(l-6). 7. (y'^ + l){y -1). 

8. {x^-y^)(x + y). 9. (x2-62)(y2 + 6). 10. (a8 4- 2)(2a - 1). 
U. (x-6)(a-6). 12. (x2 + a)(x + l). 13. (a - 6)(x2 + y2). 
14. (I~a8)(l4-a2). 16. (l-x2)(l-x). 16. x(x-y)(y^z). 

17. a(l4-y)(H-y2). 

Page75. — 1. (a; + y)(x+y). 2. (x + 2)(x4-2). 3. (2a-6) 
(2a -6). 4. (3w + n)(3m + n). 6. (x - 2y)(x - 2y). 

6. (y4-l)(y+l). 7. (a6-4)(a6-4). 8. (2n - 6)(2n --6). 

9. (2x + 2y)(2x + 2y). 10. (x-6)(x-6). 11. (1 + z)(l -{• z). 
12. (a2 4-2 62)(a2 4-2 62). 13. (x-SzXx-Sz). 14. (x + 10) 
(x+10). 16. (w + 4n)(w + 4n). 16. (3x - 3y)(3x - 3y). 

Page 76. — 17. (3 + a2)(3 + a2). 18. (2a2x- 62)(2a2x - 62). 

19. (am- 4 n) (am- 4 w). 20. (5x2 + 8)(6x2 + 8). 2L (a2 + 2x2) 
(a2 + 2x2). 22. (2 6c-3d)(2 6c-3(i). 23. (a2 + 9)(«^+ 9). 
24. (lOx- l)(10x-l). 26. (mw + 2)(wn + 2). 26. (x»+y«) 
(x^ + yn), 27. (4 + 2m2)(4 + 2m2). 28. (1 - 4x«)(l - 4x«). 
1. (x + y)(x-2/). 2. (x2 + 2)(x2-2). 8. (a + 36)(a-36). 
4. (m4-l)(m-l). 6. (a6 + c)(a6 - c). 6. (x+6)(x-5). 

7. (llx + 10y)(llx-102/). 8. (4a + 36)(4a-36). 9. (x* + 12) 
(x2-12). 10. (1 + «)(!- 2:). 

Page 77. — 11. (x:^ + y^)(x + y)(x- y). 12. (x + 4)(x-4). 

18. (3x + 6)(3x-6). 14. (2x + 6)(2x - 6). 15. (x2 + 9) 
(x4-3)(x-3). 16. (mn4-8x)(mn-8x). 17. (2a+4 6)(2a-4 6). 
18. (x2 + 25) (X + 6)(x - 5). 19. (3x + 9)(3x - 9). 

20. (6a6 4-7c2(r2)(5a6_7c2(?2). 21. (m^ + 26)(w + 6)(m - 5). 
22. (16x+10y)(16x-102/). 23. (4y2-|.i6)(2y+4)(2y-4). 
24. (ac+36?)(ac-3d). 25. (x+ll)(x-ll). 26. (c(?4-l)(cd-l). 
27. (6m +16w)(5w-15n). 28. (x^ + l)(pifi -1), 29. (x"+jr) 
(x~ - 3r)- 80. (x*~ 4- 13)(x*~ - 13). 
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Page 78.— 8. (a + 4)(a + 2). 4. (a;+7)(x-2), 5. (x-7) 
(a;+l). 6. (m-9)(w-l). 7. (6 + 3)(6 + 2). 8. (n - 2) 
(»+l). 9. (M + 2)(n-l). 10. (a;-9)(x + 2). 11. (a; + 6) 
(a;-2). 12. (a-8)(a+3). 18. (a;+9)(x-4). 14. (y_2af)(y -«). 
16- (m-8n)(m + 2w). 16. (a + 8x)(a+x). 17. (x-20)(x+10). 
18. (a- llx)(a + 5x). 19. (x-4)(x-10). 20. (x+5y)(x-4y). 

21. (m + 6)(m + 4). 22. (a - 76)(a + 36). 23. (x-8)(x-6). 
84. (x + 9)(x-2). 25. (c + 21)(c - 20). 26. (a + 76) (a + 4 6). 
27. (x«-5)(x«-4). 28. (x^ - 14)(x + H). 29. (w+17)(w-16). 
80. (x« + 7)(x« + 6). 

Page 79. —4. (x+y)(x2-xy + y2). 5. (a + 6)(a2- a6 + 6*). 

6. (m-n)(m2 + mM + n-^). 7. (a - 6)(a2 + a6 + 62). 8. (m + n) 
(m^-mn + n^), 9. (x - 2/)(x2 + xy + y^). lo. (s+Q (»«-»«+ ^). 

11. (c-d)(c2 + C(Z + dO. 12. (y + l)(y2_y+l). 13. (x-1) 
(x2+x + l). 14. (a-cd)(a2+acd+c2d0. 16. (m+«) (m»-m«+fi»). 

16. (x-2/5f)(x2 + xy2; + 2/2-52). 17. (a + 6c)(a2-a6c + 62c2). 
18. (mn+cdj(w2n2-cdmM+c2d2). 19. (ax-6y)(a2x2+a6xy+62ya). 
20. (x+l)(x^-x + l). 21. (y-l)(2/2 + y + i). 

Page 80.— 3. x = ±3. 4. x = ±6. 6. x=±7. 6. x=±2. 

7. x = ±4. 8. x = ±6. 9. x=±3. 10. x = ±4. 11. x = ±2. 

12. x = ±2. 13. x = ±9. 14. x = ±6. 15. x = ±6. 16. x = ±10. 

17. x=±l. 18. x = ±4. 19. x = ±5a. 20. x=±2c. 
Page81. — 23. y = 9 or 1. 24. x = 13or-5. 26. x = llor5. 

86. z = 2oT-U. 27. x = 3or-17. 28. x = 16 or 6. 29. y = 13 
or 6. 30. X = 1 or —23. 31. x = — 1 or —5. 32. x = 3 or —27. 
83. x = 5or-7. 34. y = 10 or 4. 36. a? = 10 or —40. 86. x = l 
or— 25. 37. x = 10 or —50. 38. x = 27or— 1. 89. y = 6 or — 4. 
40. X = 15 or —65. 

Page 82. — 43. x = — 5. 44. x = — 6. 46. x = — 3. 46. x = 9. 
47. x = -8. 48. x = -13. 49. x = 7. 60. x = -15. 61. x = 14. 
62. x = -10. 53. x = -12. 64. x=-18. 66. x=25. 66. x = -ll. 
67. x = 50. 58. x=-22. 59. x = -30. 60. x = -40. 

Page 83. — 63. x = 5 or — 3. 64. x = — 5 or — 1. 66. x = — 9 
or — 1. 66. X = 4. 67. X = — 8 or 6. 68. x = — 8 or — 5. 
69. x=8or— 3. 70. x=— 4or— 3. 71. x=2or— 11. 72. x=— 6 
or - 10. 78. X = 2 or - 1. 74. x = 7 or 11. 76. x = 10 or - 12. 
76. X = 25 or — 3. 77. x=4 a or 2 a. 78. x =6 or —9. 79. x=12 a 
or — 8 a. 80. X = — 8 6 or — 3 6. 

Page 84. — 83. x = — 1 or — 9. 84. x = 2 or — 10. 86. x = 13 
or 5. 86. x=lor— 5. 87. x=15or5. 88. x=lor— 15. 89. x = — 
2 or - 20. 90. X = 4 or - 8. 91. y = 2 or - 18. 92. x = 17 or 7. 
93. X = 24 or 6. 94. x = 5 or — 45. 96. x = 14 or — 6. 96. x = 1 
or - 13. 97. X = 22 or 16. 98. y = 1 or - 3. 99. x = 8 or - 2. 
100. X = 2 or - 10. 

Page 86. — 3. 7xyz. 4. Oxy^f. 6. 5a6. 6. llmH^z, 7. 20a6x2. 
d. 9 6m2n. 9. x — 1. 10. x + y. 11. m + n. 

Page 87. — 12. a- 6. 13. x + 1. 14. x - 2. 16. y - 1. 
16. 1 + a. 17. x + 3. 18. x + 3. 19. x-4. 20. x^-l. 21. x-1. 

22. a + 2>. 28. x+7. 84. x— 2y. 86. x-6. 86. x~4. 87. x~2y. 
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28. 35 + 7 y. 2d. X — y. 80. a; — 5. 81. 05 — 2 y. 82. 05 — 3. 
88. a + 2 X. 84. 6 + c. 85. a? - 1. 86. a + 3. 87. a - 2 y. 
88. 2x + 62^. 

Page 89. — 8. 72 a'ft^c^. 4. SOa^ft^^. . 5. 70a^b^dh:^, 

6. 891 a^m V- 1- 105 ic8y%2. g. icS - 2 a;2 - 4 x + 8. 9. afi + as^y 
_xy«-y8. 10. a2(a.2_y2). n. a* - 6*. 

Page 90. — 12. a^ - 11 o;'^ - 4a; + 44. 18. x^ + 9x^ + 2ex + 24. 
14. a;6+2a;*-16x-32. 16. c8-9c2+24c-16. 16. m:h:(a^-b^). 
17. x2(a8 _ 58). 18. 16 a* _ 8a8 + 2 a - 1. 19. a^ _ 4 ^2 _ 17 ^ + 60. 
20. xy{x:^-y^), 21. abxy{st^-l), 22. x* - a*. 28. a^-Qa^b 
+ 9a62_458. 84. j^s ^ 53.2 _ 36a; _ 180. 25. x* - «» + « - 1. 
26. x8 + 3 aj2 - a; - 3. 27. aft2^(a« + a'^b - ab^ - b^). 28. 105 ab^ 
(a^ - 62). 29. jb8 + x2 - 14x - 24. 80. a* - 7a;2 + 7a; + 16. 

8L «*-2fl58y-62a;2y2 + 98a;2/«+147y*. 82. x^ - 6a;2- 19« + 84. 
88. x8-4x2-47x+210. 84. x^+x^-xy^-yK 35. a58-13x-12. 
86. x8 - 1. 

Page 93. -2. ^. 8. 1^^^. 4. i^«^- 5. 2iac2d^ 

^ 30 24 28 4562c8(r2 

g 6gx-166x Y 12m -9n2 g 4x2y ^ 12 a6c 

33x * 48 * ' 6ax + 4x* ' lOcx-Ocy 
10 1^ <^^ ~ ^0 ^35y 
12xy 

Page 94. -U. 14^ 18. i^V^- "• ^^^^i^ 

14. "»+" ■ 16. 2a«^ii«. 16. ^?^ii^. 8. A. 8. -2-. 
(m + n)" a;" -4 (a: + 2/)* 36 3xz 

4. ^-. 8. ±. 6. i^. 7. ^. 8. -5»i. 0. -4-. 
7acx 3n 9y 3^?* 4»x 6a2x2 

1 



10. 



2x-3a 
Page 95.— 11. -^- 12. — !— • 18. — ^^ — 14. 



a — 62 a — 6 w + n a — 6 

16. ^^ZJL. 16. ^!_. 17. ^!-. 18. 2^. 10. ™JlA 

x + y x + 1 x + 1 a — 7 m — 6 

20. ^ii. 21. ^-:^. 22. — -. 28. ^^±-i. 

X — 6 X — 1 w2 + mn + »^ x + 7 

24. ^ ^"^^ ■ 25. ,^^^ — 26. ^^ ^ ■ 

x2 H- xy + y2 x2 - X + 1 0(« - y) 

27. -^ — -^ ^-' 28. *""^ 



4x2 + 6xy + 9y2 2y 

Page 96. -2. ^l^L±ll, 8. 20^^z2y. 4. 32x + y, 

^2 6 4 

g 20x-6y g 9x-l - 6x-4 g 40x + 6y 

10 * ■ 7 ' ■ 3 * * 6 ' 

g 40a — 4g — X .Q 11m — n j, a — b-\-cx •« 18 x — y — g 

6 ' ' 3 * ' c * ' 9 * 
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18. ^^jL^f. 14. 9a;-6y ^^ Zax^-\-6a-x 

2 * 7 * ox 

a l + x x^-l b 

20. .2al. 21 «-^ + 2ac-2c'^^ 22. ^L+^HJ^. 23. ^'-^^' + ^f 

a — « a — c x + 2 m + 2» 

24 m^f 2mn + n2-5 25. 2a8~6 23 ^^^ 



m + n + X a + x w-» 

Page 97.— 2. 2a + ^- 8. 2a6 + ~ 4. Sxy^z. 

5. 4ac + ^- 6. a+-. 7. 2x-|^. 8. 2aa;-x». 

9. a + «. 10. x2 + a; + ^-±-^- 11. 2a -26--^^. 

«- 1 a + & 

12. 5y + x + -. 18. 2 6 ^. 14. 2X + 8+ ^^ 



a a + b 05 — 4 

16. a;2 4. a;y + 2/2 + -^i^. 16. 2 + 6 - -• 17. x + 3+ .^^"*"^ ■ 

x — y b x^ — x — l 

Page98. — 18. 2a + 26. 19. x-l, 20. 2a; + 6 + -^?— 

05 — 8 

21. a + 6 + -^^. 22. a;-2+ A_. 28. x-l+J-^. 

a — 6 « — 2 ax — IS 

24. aj-l + ^izi^. 25. a:2-x+l- ^ 



5x—l x + 1 

-Doty^Qo n ac b^ ^ mx abn . ^bx'jf^ 2ac 

Page 99. — 2. — , — • 3. — , 4. ^ , — ; — 

be be nx nx Sbcy obey 

g Saby 4cd « 2bz Sedx - a2a;2 bey abx g axyg ^ 

121/' 121/ x^z^^ x^z^ ' aasy axy axy ' xyz 

bcz aey abx ^ 2a2; 2yz 2x 

xyz xyz xyz axyz axyz aocyz 

Page 100. -10. -^^, ^^, -5^^. 11. i5^^^, ?^^, 



9x ,„ 12 



12 *— ^^ 3o;y 8j/ •« 2 ay + 2 6y 3ax — 36g 

x;^y'^z ■ 78' 78' 78' 78* ' 6a:y ' Qxy ' 

a6x^ 14 qca; j- acy 2 ax — 2 ay 2 cx2 4- 2 cy2 ^^ 6x — 5y 

6 xy * 4 ac ' 4 ac ' 4 ac x^ — y^ 

7x+ 7.y x + y ig 3a-36 4a4- 46 ^^ 3x2 ~6x ^ 

x2_2/^ ' x2 -y2' • a2-62' a2 - 62 * •aj(x2-4)' 

6x2+ lOx 9x^-36 jg a + 6^ T2+a6 + 62 a -6 



a;(x2-4)' x(x2"— 4) * a3-68' a8-68 ' a* -6* 

19 4x-4 3x-3 ix 20 2q'^ + 262 

* 4Cx-'-l)' 4CX2-.1)' 4Cx2-r, ' a*-6* ' 
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a;+4 x2-4a; + 4 



22 x^ — 5a5 gx — g 03 4x4-4 



4x+4' a^ — x^ — ix -^ 4 



x8-3x2_i3a;4.i5' a^ - 3x2 _ i3x + 16 * 4x(x-2)' 

x2-x 2x-4 24 5-lOx 3x + 6x2 4-13x 



4x(x-2)' 4x(x-2) ' 1-4x2' 1-4x2' 1-4x2 

2g q8 - a-b + a62 - 58 gS ^ ^52 3a 26 ^^y - y'* 

o4_64 » a* -6*' a* -6*' ' K^' + y')' 

xy + y2 X* — x^ + x2y2 

y(x8 + y^y y(x^ + y') 

Page 103. — 4. x = 8. 6. x = 16. 6. x = 4. 7. x=16. 
8. x = 12. 9. x = 3. 10. x=6. 11. x=12. 12. x=14. 13. x=9. 

14. x = 30. 15. x = 24. 

Page 104.— 16. x = 3. 17. x = 10. 18. x = 24. 19. x = 35. 
80. x = 16. 21. x=10. 22. x = 4. 23. x = 44. 24. x = 5. 
26. x = 6. 26. x = 12. 27. x = 22f>ff. 28. x = 4. 29. x = l,V 
80. X = 2. 31. X = 8. 82. x = 13. 33. x = 6. 34. x = f . 
85. X = 3^5. 36. X = 41. 87. x = 17. 88. x = 7. 

Page 105. — 89. x = l. 40. x = 9. 41. x=}J. 42. x = 2A. 
48. x = 40. 44. x = 16. 45. x = 3. 2. 12. 8. $7200. 4. 75 gal- 
lons. 5. 16 years. 6. 16 and 20. 

Page 106. — 7. $75, horse; $60, wagon. 8. 20 and 56. 9. 420. 
10. 10 and 40. 11. 60 years, father ; 20 years, son. 12. 100 sheep. 

18. 10 children, 90 cents. 14. $18, father; $12, oldest son; $7, 
youngest son. 15. $4226. 16. $136, A; $140, B; $165, C. 

Page 108. -4. A. 5. 2aMi5ad. ^ nx + my^ 

ab 3 xy ny 

7. 2^±3l^. 8. -2«?-. 9. ^«'-^' 10. 1^. 11. ^J^^zl^ 
6ax a2_a.2 4a -46 12c x2 - 2/2 

j2 2a2+ 14a + 26 ^^ 6x2-9xy + 4y2 ^^ 12tn + 2n 

a2 + 8a+15' ' 2x2-3xy + y2' * w|2 - n2 ' 

15. 2x2 + 2 , 13 y^-2xy ^ ^^ 3x2 + 3y2 ^^ 2a2-6a + 43 , 

x2-l x^-xy x8-y« a2-3a-10 

19. 24+26?. 20. ^2x-2, 21. -i- 22. f + ^^ . 

a2-62 4x2-1 x-y a^x - ax^ 

23 3a2-ax, 24. ^. 25. 2«-^ 26. «^^ - ^>^y. 

a2-x2 9 5 axy 



27. 



c4x ^2bz 

- - ■ ■ ■ ■ ■■ • 

xyz 



Page 109. -^28. - — i 29. ^r^> 

x2-3x + 2 x2-4 

3Q 4a6 gj x^ — x~9 ^2 . 3x — 11 

a» - 0*6 - o62 + 6«* * x2 + 5x + 6* * x2-2aB 
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88. =:i^?^ 84. ^±tM dols. 86. ^ dols. paid out, ^ left. 

86. ^^ + ^^ dols. 87. ^. 88. fx. 89. ^ab. 40. ^!5-=l«. 

41 23x. 42 39a -286 , 43 37ax. ^^ 6a_+76. 4^ ^J^. 

20 63 36 60 y 

^ x^y-2xy\ ^^ _2_ ^3 2a-2c, ^^ ^a^ + 8. 
«2 _ 2/2 1 _ a ac a;2 _ 1 

Page 110. - 60. ^^"^^ 61. «^±1^. 62. ^ x 



a;2-a;-2 ic8-7a;-6 a^-S^H* 

68. -M.. 64. ^^' . 66. 4a^-4a3,, + 4a%2^ ^3 J:« miles, 
x? — 1 a^ — a% a* — »♦ 4 

87. I«±lc dollars. 68. ^£±2/ miles. 

Page 112.-3. ?»^^ 4. l"^. 6. p. 6. 1^. 

7. l!?*i 8. ^±i^. 9. ^-^ . 10. ili?^. 11. i^^. 



6 6x a^x 3(m + n) « — y x^ - 

12. .3^. 13. «^ . 14. ^ . 16. «i^^l3|l. 

16. ?LZ_^ 17. _3_. 18. ^±1_. 19. -1-. 20. ^(^'-^). 

x + 3 m2-l 6(x-7) x-8 a 

21. ^. 
6 



Page 113.— 22. i. 28. a. 24. i^. 26. * 



•• 



a z 05 — y 

26. (x + 2). 27. ^- 28. -^. 29. — • 80. 1. 81. ^dollars. 
^ 2 Sy^z^ m2 a 

82. 5-%ounds. 88. -^fcDdoUars. 84. M^=l^ dollare. 
b 3 3 

86. ^-.^A','^^t^ miles. 
b b b b 

Page 115. -8. ^^ 4. «£• 6. x;.. 6. i^. 7. ^«' 



my xy 2afl Zdxy 

8. ?^^^. 9. -1-. 10. ?^ 11. 4±^. 12. ^ 



4a86*c x + y (a + 6)x a2 + 9x2 y(x-y) 

18. ^. 14. -^-. 16. 2 13 J 17 xy{b -h 1) , 

2 x-2 x2 + xy + y2 6 



ax 



13 55(x-10X 20. a+^. gl. ^(^ " ^) . 



m(x-l)' "" 3 ax a-x 3«2 

22. ^'~^~^ » 28. a-1. 24. ?^tl. 26. 4(x - y)2. 
x2-9x + 20 x-y 

MILNE^S EL. OF ALO. — 13. 
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Page 116.— 86. ^^-^ 27. ^^^. 28. ^dollars. 

m^ — mn+n^ x -\- S 7 

29. ?i. 30. i!5Lz^ dollars. 81. ^ cows. 82. ?(«^l^. 
a c d 3m 

Page 117. — 2. a; = 1 ; y = 6. S. x = 2; y = 10. 4. a;=7 ; y=2. 
5. aj = 4 ; y = I. 6. a; = 12 ; y = 15. 7. x = 18 ; y = 14. 8. a; = 7 ; 
y = 7. 9. a; = 6; y = 11. 

Page 118. — 10. a; = 7 ; y = 2. 11. ac = 6 ; y = 6. 12. a; = 8 ; 
y = ll. 18. a; = 7;y = 9. 14. a; = 6; y = 15. 16. a; = 4;y = 9. 

16. x = 18; y=12. 17. x = ^^*::i^, or 5^-::iA^; y = ^^-^ or 

ac — ab ab — ac b — c 

^^. 18. x = 10; y = 16. 19. x = 2Azi«^ y = 2c^i«&. 

20. x = 9;y = 8. 21. x = 6;y = 10. 

Page 119. — 2. a; = 3;y=7. 3. x = 6;y=l. 4. x = 5;y = 6. 

5. X = 10 ; y = 9. 6. x = 2 ; y = 8. 7. a; = 2 ; y = 17. 8. x = 19 ; 
y = 13. 9. X = 12 ; y = 4. 10. x = 3 ; y = 4. 11. x = 14 ; y = 10. 

Pagel20. — 12. x=16; y=12. 13. x=15;y=18. 14. x = 5; 
y = 7. 16. X = 26 ; y = 40. 16. x = 8 ; y = 16. 17. a; = 9 ; y = 4. 

18. x = |a;y=J6. 19. x = 15;y = 20. 20. x= ^^~^^ ; 

„ bc-ad ^^-^'^ 

y = 

cm — an 
Page 121. — 1. x=3. 2. x=6. 8. a;=4J. 4. x=3. 6. x=a-\-b. 

6. x = -«^±^. 7. «=«±A. 8. x = «^. 9. x = 3. 

a + c-1 c2-2 a-6 

10. X = 40. 11. X = 12. 12. X = 14. 13. x = 12. 14. x = 2. 
16. x = 10. 16. x = 4. 

Page 122. <- 17. x = 14. 18. x = ^5^±^. 19. x = — ^. 

ad-\- a a — I 

20. x = l. 21. x = 4. 22. x = 22. 23. x = -7. 24. x=ljf 

26. x=lj. 26. x = 8. 27. a; = 4. 28. x = 2. 

Pagel23. — 29. x = 4}. 80. x = 2. 81. a; = 3^. 82. x = 3. 
88. x = 4. 84. a; = -l^/p 86. x = -2. 86. x = 3. 87. x = 6. 

88. X = 1. 89. X = ^-. 40. X = 3. 41. x = a + &. 42. x = — 

ab 

Pagel24.— 48. x = 6- 1. 44. x = l. 46. a; = ^. 46. x = 2; 

a 

y = l. 47. a = 6;y = 7. 48. x = 6; y = -4. 49. x= 15; y = 10. 
60. x=:6; y=16. 61. x=2 ; y=2. 62. x=2; y=2. 68. aj=^^; 

•i — g — ft KA ^ ac + ^d, ^, be- ad KR /*. — 2a 

y = • 04. x = — ■ ; y = • oo. x= ; 

' 2 a^^j)'2* ^ a'^ + b'^ m+n' 

y = ^^. 66. x = mn;y = ??*. 67. a; = -«^ ; y = -^. 
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Page 125. — 1. 60 and 40. 2. A and B, 9 days ; C, 18 days. 

3. House, $ 3500 , invested, $2500. 4. 72 apples. 5. 20 yards, 
longer ; 8 yards, shorter. 6. 50 rods, length ; 30 rods, ibreadth. 

7. $ 800. 8. 500 soldiers. 

Page 126. — 9. A, 120 acres ; B, 180 acres ; C, 150 acres. 

10. 40 apples. 11. 24 rods, length ; 12 rods, breadth. 12. 24. 
13. $400. 14 30 and 40. 15. 100 eggs. 16. 10 and 14. 

Page 127. — 17. A, $ 300 ; B, $ 500. 18. $1000. 19. JO days. 
20. $1000. 21. 720 apples. 22. 60 cents. 28. Horqe, $100; 
wagon, $ 50. 24. 16 acres. 

Page 128. — 2. x = 2, y = 1, ;? = 3. 8. oc = 4, y = 1, « = 5. 

Page 129. — 4. 5c = 5, y = 3, ;? = 5. 6. x = 4, y = 10, « = 14. 

6. a; = 6, y = 1, 2 = 8. 7. aj = 3, y = 7, « = 11. 8. « = 12, y = 14, 
2 = 20. 9. X = 18, y = 10, ;? = 9. 10. aj = 5, y = Q, « = 7. 

11. « = 2, y = 12, z = 6. 12. X = 11, y = 13, 2 = 4. 13. x = 10, 
y = 4, 2r = 9. 14. x = 4, y = 4, 2 = 8. 15. x = 12, y = 16, e = 20. 
16. X = 8, y = 10, a? = 3. 17. x = 3, y = 6, « = 9. 18. « = 20, 
y = 10, 2? = 5. 19. X = 8, y = 5, a? = 2. 

Page 130. —20. x = 2, y = 3, « = 6. 21. x = 5, y = 5, « = 10. 
22. X = 10, y = 14, ;? = 13. 23. x = 20, y = 25, « = 30. 24. x = 3, 
y = 5, 2; = 7. 25. 30 sheep, 1st ; 40 sheep, 2d ; 60 sheep, 3d. 

26. 10 cents, Henry ; 15 cents, James ; 25 cents, Balph. 27. 150 bo. 
wheat ; 50 bu. oats ; 40 bu. barley. 

Page 132.— 3. 4x*y2. 4. lOx^yV. 5. 9a^«2. 6. 8a«6«. 

7. -Ma^b^xK 8. 9c*(f*. 9. -xV^^- 10. 125 x^V. 11. 81a86*c8. 

12. 16m8n*. 13. --\024a^m^^. 14. S2a^b^^d^, 15. -216a«wi«. 
16. 256x82y8. 17. -12S a^b^K 18. - 100000 aV^ftS. 19. a^^b^^e^cP. 
20. a24582^8. 21. -128 a^b^^cTe^ 22. ^x^y^^sfi^. 23. x^^y^z^. 

Pagel33.— 24. 64x24y24;548. 26. -128 6Wc7«(ii*«. 2^ a^b^c^. 

27. 625 a8Myi20i6. 28. -ai^yisn-jOn. 29. 2'«a2"6»»x»y». 80. ii^. 

9wi2x* 

81. 27^. 32. "^'y*'"' . 33. «^°^^^^ . 34. ^^^<'^^ . 
6ia^z^ 16a'*mi2n* sfi^^^z^ 216wi«n««» 

jg g2«ft2nc8n ^^ 729 tt^^x^^ 3^ tt^x^ ^ jg 4096 q^ft* 

rg^nyingin ' iOQQm^Vz^' ' y^'^z*^' ' 2401 x^y* 

89. «!::^". 4C. ^^ . 41. ^''''^. l.x2-2xy + ya. 

5i2ny9n 10000000 ai^wi^i mi8n"-"x*6 ^ t ir. 

2. 9a2+12a6 + 462. 8. 25 a2 + 40 ac -)■ 16 c2. 4. x» + 3x2y 

+ 3xy2 + y«. 6. x^ - 3x2y + 3xy2 - yS. 6. a^ -\- i cfib -^ 6 a^b^ 
4- 4a6* + 6*. 7. x*- 4x3n -f 6x2n2- 4xn8+n*. 8. m^ - 6mn + 9»2. 
9. x2 + 4xy + 4y2. 10. 4a2 - 20a6 + 25 62. n. 27x8 + 54x2y 
+ 36 xy2 + 8 y8. 12. 64 x^ - 144 x2y + 108 xy2 - 27 y*. 13. a* + 5 a*6 
+ 10 a862 ^. 10 a258 ^. 5 064 ^. 56. 14. jk8 + 3x2 + 3x + 1. 15. a* 

+ 2a262 + 6*. 16. a2+62 + c2 + 2a6 + 2ac + 26c. 17. a^ + ft* 

4-c2 + 2a6-2ac-26c. 18. x2 + y2+ 2?2 - 2xy- 2x« + 2y«. 

19. 4x2 + 4y2-f «2^ 8xy-4x2;-4y«. 20. a2» + 62« + ^211 ^. 2 a»6* 

+ 2 a»»c» + 2 6«c«. 21. a2« + 62i» ^ (j4m _ 2 a"»6"» — 2 o"»c2* + 2 6«nM 
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Page 136.— 2. ±2ab. 8. 2xy^. 4. ±SxV. 5. -3 win. 
e. ±2a62c6, 7. -a%^c^, 8. -^ofiy^, 9. ±a'^h^c^, 10. ±lmHK 

11. -fc3a86*6. 12. -2a2«82/*. 18. xV«*- W- -4xV«**- 
16. ±10a25c3. 16. -7m2iB854. 17. ±x2y6«8. 18. ± a«6*c2». 

19. -2m2n3xsy8. 20. ±|^. 21. ±|^. 22. If^. 

Page 137. -28. -^«^ 24. ^^1^ 25. ^ ^^l/" . 

TaW 7x52^ a^W =^12tn««io 

4 a;*y^«2 

Page 139.— 8. x + 2y. 4. a — 3. 5. 4x + 3y. 6. 3a5 — 2y. 
7. 6t» + 6. 8. lOa-1. 9. 9a + 5. 10. 6x + 8y. 11. a + 6 - c. 

12. x + y + 4. 18. «-2y-25f. 14. 2a-364-2. 15. 2a + 6-l. 
16. a^-a-'l. 17. 2x^'\-x+l, 18. 3a-c+6. 19. 4m2+4m-4. 

20. 5a24.3a+3. 21. m2+3m+l. 22. x-y+2. 28. w2+3m-2n. 
94. 2a2-6 + 6. 26. «2 _ 2.0? + J. 26. x + y-«. 

Page 142. — 8. 27. 4. 81. 6. 98. 6. 73. 7. 85. 8. 66. 
9. 64. 10. 49. 11. 96. 12. 97. 18. 236. 14. 163. 15. 118. 
16. 321. 17. 426. 18. 603. 19. 431. 20. 616. 21. 989. 22. .064. 

28. 4.38. 24. 24.9. 25. .0796. 26. 3.66. 27. 4.16. 28. 18.22. 

29. 3.71 

Page 144. — 8. a + 6. 4. aj — y. 5. ac + 2. 6. 3 a + 1* 

Page 145. — 7. 3a; — y. 8. a;^ _j. 4, 9. 2 w — n. 10. aj^ + x. 

11. am + 26. 12. 2a2-6c2. 18. 3 + 26. 14. 1 + a. 15. m^ + O. 

16. 2« + 3y. 17. 4x8+12y2. \%, x^-ax-a\ 19. 2x-7. 

20. 7« + 42/. 21. a8+3 68. 22. 2x24.6^2. 28. a26-3. 24. l+3x. 

25. m*-w. 26. x2-2x + l. 27. a2-3a + 2. 28. x'^-x-l. 
29. 3w2-6m-2. 80. 2x2 + 3xy-y2, 31. l-3x + 4xa. 
82. l + 4x + 4x2. 

Page 149. —4. 86. 5. 63. 6. 64. 7. 63. 8. 89. 9. 97. 10. 68. 

11. 86. 12. 256. 18. 354. 14. 466. 15. 177. 16. 327. 17. 346. 
18. 409. 19. 906. 20. .26. 21. 352. 22. 237. 28. .169. 24. .065. 

26. 3.04. 26. 50.7. 27. 3.64. 

Page 151. —8. x = ± 4. 4. x = ± 3. 5. x = ± 5. 6. x = ± 6. 

7. x = ±2. 8 x = ±3. 9. x = ±l. 10. x = ±14. 11. x=±2. 

12. X = ± 6. 18. X = ± 2. 14. X = ± 8. 15. x = ± 3. 16. x = ± 9. 

17. x=±10. 18. x=±(a-3). 19. x = ±2a. 20. x = ±a. 1. 2. 
2. 6 and 16. 8. 7. 4. 17 rods. 6. 12 yaxds. 

Page 152. — 6. 6. 7. 10 rods», length ; 6 rods, breadth. 

8. 26 years. 

Pagel54.— 4. 2or-6. 5. 5 or -3. 6. 3 or -11. 7. 4 or -10. 
8. 7 or -1. 9. 1 or -11. 10. 10 or — 2. 11. 5 or -26. 
12. 2 or -4. 18. 2 or -7. 14. 2 or -4}. 16. 6 or 3 J. 16. 6 or 1. 
17. 4ot-14. 18. lor -13. 19. 32 or -2. 20. 2 or -16. 

21. 12 or -14. 22. 8 or 1. 28. 30 or -2. 24. 6 or --16. 25. 12 or 3. 
26.- 9 or -11. 27. 4 or -1. 
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Page 155. —3. 6 or -3^. 4. 3or~3J. 6. lor -If. 6. 4 or J. 
7. 6or-6J. 8. 7 or -4. 9. Sor-Tf 10. 1 or -J. 11. 2 or -If. 

15. lor -18. 18. 6 or 4. 14. 36 or -6. 15. 2a or -6a. 

16. 4 or - 3i. 17. 6 or - 4?. 18. 13 or - 4}. 19. 6 or - IJ. 

«0.6or-2. 21. -lor5L±i. 28. ^^"'"^ or-l. 28. 6or-«. 
24. 10 or -8. ^ 2^ 

Pagel56. — 26. 2cor|- 26. a + mora — m. 27. 2a 

or ) a. 2. 9 and 4. 8. 10 and 16. 4. 2 and 6. 5. 52 rows ; 64 
trees in a row. 6. 20 rods ; 25 rods. 7. 3. 

Page 157. — 8. 16 and 11. 9. 8. 10. 8 men 11. 10. 

12. $16. 18. 10 yards. 14. 4 catUe. 16. $100. 16. $30. 

Page 159. — 5. a; = 2;y = l. 6.a; = 13;y = 7. 7. x = l 
or J ; y = J or 1. 8. a; = 4 ; y = 4 9. « = 2 or 5} ; y = 7 or J. 
10. a: = ± 4 ; y = 1 or 9. 11. x = ST; y = 6. 12. x = 5 or e^^ ; 
y = 3 or -1^5. 18. aj = 7 ; y = 4. 14. x = 5 or 2; y = 2or 5. 

16. X *= 18 J ; y = 15 J. 16. x = 10 or 2 ; y = 2 or 10. 

Page 160. — 17. x = 6 ; y = 4. 18. x = 6 ; y = 4. 19. x = 6 
or - 9^ ; y = 2 or llf . 20. x = 5 ; y = 1. 21. x = 10 or 9 ; 
y = 9 or 10. 22. x = 11 or - 5 ; y = 14 or - 2. 28. x = 2 or - 1^ ; 
y=5 or — 9. 24. x=l or 5; y=4or2. 26. x=4 or 3 ; y=— 3or— 4. 

26. x = 8orl; y = -lor-8. 27. a.;=g±lj. y = «-^^ 

2 2 

28. X = — ; y = -. 1. 9 and 7. 2. 8 and 3. 8. 24 years, A ; 

20 years, B. 4. 16 in., length ; 12 in., breadth. 6. 15 rods ; 10 rods. 
Page 161. --6. 22 and 12. 7. 5 and 2. 8. 160 miles, whole dis- 
tance ; 90 miles, A ; 60 miles, B. 9. 40 yards, linen ; 60 yards, cotton. 
10. 45 rods, length ; 30 rods, breadth. 11. 10 and 8. 12. 120 yards 
sUk ; 80 yards velvet. 18. 20 rods, 15 rods, rectangle ; 10 rods, square. 

Pagel62. — 1. 2^. 2. (7a + 26 + 5)(x - y). 8. 2x + 30. 
4. 18x2-16x-7Vx. 6. 10y2-6ax(a-l)-4(62-2). 6. — 

7. (600 - 4 6 - 7 c - 5 6c) dollars. 8. 170x2 - 70ya + 90c« - 15. 
9. 2x2-2y2+2«. 10. a + 1. 11. x6-32yfi. 12. x8-26x* 
H- 169 x2 - 144. 

Pagel63.— 18. 5xy(x-2a+5y2-3a«xy). 14. (x+13)(x-12); 
(x^8)(x-7); (x-10)(x+7). 16. ^^ "" ^ cents. 16. a-10c = 2. 

17. x2-xy + y2. 18. (a - 62)(a2 + a62 + 6*); (5x-4y)(25x« 
+20xy+16y2)j (x2 + 9)(x+ 3)(x - 3). 19. 2x8 - 6x2+ 3x - 1. 

20. ?^^- 21. (2a + 9)(2a + 9); (10x + 5y)(10x-6y); 

6c + a 

(3x-7y)(3x-7y). 22. 15Jll£±£i cents. 28. a + 6. 

24. (2x + 8)(4x2-16x+64); (a6+l)(a6-l); (m+3)(m2-3fii+9). 
26. x = 7. 26. x2+4xy+4y2; 16a2-24a6+962; 4m2-20fii+26; 
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9a^b^+6ah+l; 25+20a+4a«; mx^-Sixy+i9y^; a*+20a2+100; 
TO*-8m%2 + i6n*; x* -Qx^y -{-Qy^; 9 a-^ + 30 ax + 25 «2. 

Page 164.-27. x2+3x-28 ; a;2_225; X24.13X+3O; x2_3a;_l08; 
4x2_25;w*-l;x2_i9aj+88ja;2^aj_210; 9x2-49. 28. a -2. 29. x+3. 

80. x8-7x +6. 81. x3 + 6x2-9a;-64. 82. -^ — 88. ^~^^ . 

a — 6 X — 6y 

84. -^. 86. ^^ 86. } . ■ 87. *^ 



x-y 3 2(y2-i) a2-x2 
88. {a-hXa-x) ^^ 85a -206 , 
X 84 

Page 165. — 40. i , A ; 1 , B ; ^i^, both ; -^*^, days. 41. x= 10. 

m n mn w+n 

42. x = 2. 48. x = 3. 44. x = a - 6. 46. A horses; -^, 

10 10 

cows; 5^, sheep. 46. x = ^^ 47. x = f 48. ^*^ 



10 a + h-c TO + n 

«» 49. Ji^. 60. ^^^^^ 



i» + n «*2 — 1 a6 + ac 4- &c 

Page 166. — 61. x = J ; y = J. 62. x = 2J^ ; y = 14J. 68. x = 7 ; 

y = 10. 64. x = --i^; y = ^^- 66. x = 2J; y=-A; 

36 — 2tt 5a — 

« = 4i. 66. x = 24; y = 60; ;? = 120. 67. x = ^~'"^"'^ ; 

t/ = ! — ; 2? = • 68. x=dbo. 6". X = ± • 

^ 2 ' 2 a-1 

60. X = ±8. 61. X = 4 or -1. 62. x = 2 or -17. 68. x = 3 

or — 2J. 64. X = a + w» or a — m. 66. x = ^ "^ or —1. 

* 2a 

66. x = l or — li. 

Page 167. — 67. x = 13 or - 8. 68. x = 12 or 6. 69. x = 14 
or -2. 70. X + 2 y - 3. 71. 245. 72. x = 5 or -2f ; y=3 or 6J. 
78. X = ± 6 ; y = ± 1. 74. X = 10 ; y = 8. 76. x = ± 7 ; y = 2 
or -12. 76. ^96, Tom; $84, John. 77. 570 votes, 

78. 60 cents. 79. 60 sheep. 

Page 168. — 80. f. 81. $1.50, wheat; $.40, com. 82. 45 feet, 
60 feet. 88. $ 180, carriage ; $ 160, horse. 84. 15 and 19. 86. 262i 
gallons. 86. x = 8 or 4} ; y = 2 or — IJ. 87. 15 men ; 5 women. 

Page 169. — 88. 50 sheep, A ; 30 sheep, B. 89. 11 and 19. 

90. $.35, tea; $.30, cofEee; $.05, sugar. 91. 24 miles, 92. $150. 
98. $ 140, horse ;$ 30, cow ;$ 10, sheep. 94. 7 and 3. 95. $60. 

PagelTO. — 96. $312. 97. 162 sheep, 1st ; 144 sheep, 2d ; 128 
sheep, 3d. 98 10 miles. 99. 11 and 9. 100. IJ yards. 101. 117 
mi., A ; 130 mi., B. 102, 12 rods. 103. 4 rods. 

Page 171. —104. a + x. 105. 3 x + 1. 106. x + 1. 107. 30 xy 

(x2 - y^), 108, x» + 18 x2 + 107 X + 210, XOft 12 xyQc'^ - y^)^. 
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110 3(a + b) . jjj a^-a + 1 .^^ 120g+30 10a; -5 
* 4a6(a-6) ' a2 + 2a + l " i6(x-2)' 16(aj-2)' 

9x + 6 , 113 a;84-3x2-9a;--27 x8+3g^-4x-12 

16(x-2)* * x*+6x8+5a;2-24x-36' a*+6x8+5x2-24x-36' 

x*— 16 j.^ X* — x^y 4- x^y^ — xy» x^-fxj^ 

x* + 6x3 + 5x2-24x-36' ' x*-y* ' x* - y* ' 

g2y2 _ y4 ^^ 12 - 12 X 5~5x 8x 

x*-y* * • 4(1 -x^)' 4(1 -x2)' 4(1 -x2) 

Page 172. — 116. — 117. -^—' 118. x = 7. 

(a — x) (a + 2 x) x-h y 

119. x=4. 120. x=z-2\. 121. x=2. 122. x=lii. 123. x=6m. 
124. x = l. 126. x = ?^^- 126. x = — 127. x = Aa. 

128. x = J. 

Page 173. —129. x = 3; y=2; « = 1. 180. » = 2 ; y = 4 ; 

e = o, 131. X = a : y z= o, 133. x = } y = ' — . 

2a 26 

133. X = a - _«5cL; y = _^. 134. x =(a + 6)2 ; y = (a - 6)2. 

ac + b ac-jr b 

136. 94. 136. 75. 137. 327. 138. 3.24. 139. .0321. 140. .0671. 
141. 2187. 142. 6561. 143. 2x2 - x + 3. 144. 4x2 + 3x + 10. 
146. x4-y+3^j. 146. « + m-l. 147. x3-3x2 + 4x-5. 

Page 174. — 148. 709. 149. 805. 160. 46.8. 161. 9.36. 
162.20.53. 163.1.111. 164. 2x2 + 4ax- 3a2. 166. 3m2 - 4t»~7. 
166. a8-.a2-aH-l. 167. x = ±7;*y=±l. 168. x = 8or-.3; 

y = lJor-4. 169. x = 3or-2; y = 2or-3. 160. x = ^L±^; 

y = ^^. 161. x = 6;y = 4, 162. x = J;y = }o 168. x = f; 
2 2 

y = -. 164. X = ± 4 ; y = ± 3. 166. 64 inches. 166. 96 feet. 

Page 175. — 167. 4 p.m. 168. 80 miles. 169. 4 days. 170. ^9000. 
171. $670, D; $605, C. 172. $8. 173. 12 days. 174. 1 J cords. 
176. $40, lost. 

Page 176.— 176. $14. 177. 92,160 acres. 178. 12 inches. 
179. 8 feet ; 4} pounds weight, per foot. 180. 4 yards, fore wheel ; 
5 yards, hind. 181. 5a* + 4a8 + 3a2 + 2a + l. 182. 2U hours, 
equal faucets ; 13^ hours, the other. 188. x = 4or3;y=:3or4. 
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